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Design of Wide-Band (and Narrow-Band) Band-Pass 


Microwave Filters on the Insertion Loss Basis* 


GEORGE L. MATTHAEI}, MEMBER, IRE 


Summary—A method for design of band-pass microwave filters is 
described that combines the image and insertion-loss points of view 
to give an approximate design method having simplicity, but also 
high precision. This method is applicable for filter designs ranging 
from narrow to very wide bandwidths (2 to 1 or more). The desired 
insertion loss characteristic is obtained by use of a lumped-element, 
Tchebycheff, or maximally flat (or other) low-pass prototype. With 
the aid of the concept of impedance inverters, the prototype is con- 
verted into a cascade of symmetrical (but differing) sections. The 
image properties of symmetrical sections of the band-pass microwave 
filter structure are then related to those of corresponding sections 
of the prototype. Straightforward design equations are given for fil- 
ters using short-circuited or open-circuited stubs, and also for filters 
using parallel-coupled lines. Mapping functions are derived that 
permit accurate prediction of the microwave filter cutoff character- 
istic from that of the prototype. The responses of a number of filter 
designs were computed, and a Tchebycheff filter with a 2.2 to 1 band- 
width was built and tested. The responses of all of the filter designs 
were in close agreement with the prescribed characteristics, and the 
accuracy of the mapping functions was verified. 


I. INTRODUCTION 


HE TYPES of band-pass filters to be treated inthis 
eee are shown in Figs. 1-3. Filters using some 
of these structures have often been designed in 

the past using image design methods. Although these 
methods are conceptually simple, the over-all filter re- 
sponse to be expected is known only approximately, as 
a result of reflections at the terminating end sections. 
Thus, using such methods, it takes either a great deal 
of trial and error or a great deal of “know how” in 
order to obtain precision designs with specified pass 
band attenuation tolerances. Design methods, such as 
those discussed herein, on the insertion loss basis, have 
the advantage that the nature of the filter response can 
be specified at the outset of the design process, and the 
final filter design will closely adhere to the specifications. 
The filter in Fig. 1(a) is of the parallel-coupled type 
for which Cohn! has presented approximate insertion- 
loss-basis design equations accurate for filters of narrow 
or moderate bandwidth; the filter form shown in Fig. 
1(d) was previously treated by Jones? on an exact 


* Received by the PGMTT, May 8, 1960. This research was sup- 
ported by the Signal Corps. under Contract DA 36-039 SC-74862. 
{ Stanford Res. Inst., Menlo Park, Calif. 

_ 1S. B. Cohn, et al., “Research on Design Criteria for Microwave 
Filters,” Stanford Res, Inst., Menlo Park, Calif., Final Rept., SRI 
Project 1331, Contract DA 36-039 SC-64625, ch. 4; June, 1957. Also 
S. B, Cohn, “Parallel-coupled transmission line-resonator filters,” 
IRE Trans. oN Microwave THEORY AND TECHNIQUES, vol. MTT-6 
pp. 223-231; April, 1958. 

_? Ibid, (SRI Rept.), ch. 3. Also, E. M. T. Jones, “Synthesis of 
wide-band microwave filters to have prescribed insertion loss,” 1956 
IRE Convention REcorpD, pt, 5, pp, 119-128, 


insertion-loss basis. It can be shown that exact design 
procedures using Richards’ transformation* can be de- 
rived for all of these filters for either narrow or wide 
bandwidths. Examples of the use of these procedures 
will be found in the literature.2*~7 However, the paper 
by Jones,? which treats the form of filter in Fig. 1(d), 
is the only one of these references which deals specif- 
ically with any of the filters in Figs. 1(a) to 3 on an 
exact insertion-loss design basis. A serious practical 


disadvantage of exact methods for designing these | 


particular filter structures is that the synthesis of special 
transfer functions is required® at the outset of the de- 
sign process,? and, all in all, a great deal of computa- 
tional labor is needed. Even though the design proce- 
dures described herein are computationally very simple 
and only approximate, the results, as the examples 
show, are- satisfactory for most practical precision- 
design problems. Another advantage of the methods 
described herein is that they are quite flexible. As will 
be seen, the design procedure can be adapted to include 
changes in impedance level or special forms of struc- 
tures, as required by special practical situations. These 
methods can also be used for other types of structures 
than those discussed herein.° 


Easy-to-use approximate insertion-loss-basis design 
methods for band-pass microwave filters have existed 
for some time. However, these methods have in the 
past involved narrow-band approximations and as a 
result have rarely been accurate for bandwidths much 


3 P. I. Richards, “Resistor-transmission-line circuits,” Proc. IRE, 
vol. 36, pp. 217-220; February, 1948. 

4H. Ozaki and J. Ishii, “Synthesis of transmission-line networks 
and the design of UHF filters,” IRE Trans. on Crrcuir THEory, 
vol. CT-2, pp. 325-336; December, 1955. 

5 H. Ozaki and J. Ishii, “Synthesis of a class of strip-line filters,” 
ieee TRANS. ON Circuit THEORY, vol. CT-5, pp. 104-109; June, 

8 A. I. Grayzel, “A synthesis procedure for transmission line net- 
works,” IRE TRANs. ON Crrcuir THEory, vol. CT-5, pp. 172-181; 
September, 1958. : 

7N. R. Welsh and E. S. Kuh, “Synthesis of Resistor-Transmission 
Line Networks,” Electronics Res. Lab., University of California, 
Berkeley, Rept. No. 74, ONR Contract N7-onr-29529; July 15, 1958. 

* In general, whether or not special transfer functions are required 
depends on the location of the frequencies of infinite attenuation in- 
herent in the desired filter structure. By choosing certain filter struc- 
tures, the more common transfer functions can be used (see footnotes 
5 and 6). Such structures, however, may not always be the most 
convenient to fabricate. 

’ For example, the case of filters consisting of transmission lines 
coupled by series capacitors was treated in the report: G. L. Mat- 
thaei, “Research on Design Criteria for Microwave Filters,” Stanford 
Res. Inst., Menlo Park, Calif., Tech. Rept. 6, SRI Project 2326, 
Contract DA 36-039 SC-74862; May, 1959, 
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fe corked, gee een Ae filter with open-circuited sections. Each section is one-quarter wavelength long where 
ee ee ceue is that at the midband frequency, wo. Each section Sj,x41 is characterized by even and odd mode impedances 
oe) knk41 a oo)k.k+1, Tespectively.t1118 (b) Parallel-coupled, strip-transmission-line filter with short-circuited sections. This filter is 


the dual of that in (a). Each sectio1 


1 Sk,k41 is one-quarter wavelength long where the reference wavelength is the propagation wavelength 


at the Jridband frequency, wo. Each section S;,411 is characterized by even and odd mode admittances (Y,.)z,441 and (Voom hai, Tes pec- 


tively. 


16 ae -: 5 z é 
(c) Band-pass filter using quarter-wavelength series stubs and quarter-wavelength connecting lines. Filters of the form in (a) 


on Hy ehehrs eee to this form. (d) Band-pass filter using quarter-wavelength shunt stubs and quarter-wavelength connecting 
s. This filter is the dual of that in (c). The reference wavelength is the propagation wavelength at the midband frequency, wo. 


Fig. 2—Band-pass filter with half-wavelength shunt stubs and 
quarter-wavelength connecting lines. The reference wavelength is 
the propagation wavelength at the midband frequency, w». 


over 20 per cent. The design approach used herein has 
the advantage that it does not involve approximations 
of a narrow-band sort; hence, it gives good accuracy for 
narrow bandwidths on out to bandwidths of 2 to 1 
or more. 

In Section II, the use of the design equations and the 
results of design examples will be discussed. To make 
routine use of the design equations more convenient, 
their derivation will be treated separately in Section III. 


Il. PRACTICAL APPLICATION OF THE DESIGN EQUATIONS 
A. Equivalence of the Networks in Figs. 1(a)—(d) 


The filter in Fig. 1(b) is simply the dual of that in 
Fig. 1(a). It can be obtained directly from the circuit 
in Fig. 1(a) by replacing the open circuits by short cir- 
cuits and by replacing each even- or odd-mode im- 


~< 
~< 


Fig. 3—Band-pass filter with quarter-wavelength shunt stubs, 
quarter-wavelength connecting lines, and half-wavelength series 
stubs at the ends. The reference wavelength is that at the mid- 
band frequency, wo. 


pedance, (Zoe)k,n41 and (Zoo)e,x+1, respectively, by cor- 
responding odd- and even-mode admittances. 


Vigan == i Zoomer 
CV i.) oer = Vet Zoslneens (1) 


where Yyo=1/Zp is the characteristic admittance of the 
input and output lines. By use of the equivalences 
shown in Fig. 4,'"'it is seen that the circuit in Fig. 1(c) is 


10 The correctness of these equivalences can be verified with the 
aid of the impedance and admittance matrices for parallel-coupled 
strips given by Jones and Bolljahn (see footnote 11) or by using 
Richards’ viewpoint to map the elements in Equivalent Circuits (5) 
and (6) of Table II of Ozaki and Ishii’s work (see footnote 5) into 
the corresponding transmission line form. 

11 Cohn, ef al., op. cit., (SRI Rept.), ch. 4. Also, E. M. T. Jones 
and J. T. Bolljahn, “Coupled-strip-transmission-line filters and direc- 
tional couplers,” IRE Trans. oN MicROWAVE THEORY AND TECH- 
NIQUES, vol. MTT-4, pp. 75-81; April, 1956. 
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Fig. 4—Equivalence between parallel-coupled strip-line sections and 
sections consisting of stubs with connecting lines. 


exactly equivalent to that in Fig. 1(a), while the circuit 
in Fig. 1(d) is exactly equivalent to that in Fig. 1(b). 
Thus, any of these four circuits can be derived from 
any other, by use of duality and the equivalences in 
Fig. 4; and when derived from one another in this man- 
ner, all will yield exactly the same transmission charac- 
teristic. 

For simplicity, the design equations applicable for 
these four filter structures (Fig. 1) will be expressed in 
the specific form for the structure in Fig. 1(a). Any of 
the other forms may then be obtained by duality and 
Fig. 4. In converting from the form in Fig. 1(a) to 
the form in Fig. 1(d), for example, it should be noted 
that the characteristic admittance of the shunt stub at 
each end is determined solely by the end sections of the 
filter in Fig. 1(a); however, the characteristic admit- 
tance of each of the shunt stubs in the interior of the 
filter in Fig. 1(d) is determined by the corresponding 
two adjacent sections in Fig. 1(a) so that 


8 8 
Ge Views aa Tiare 


2 8 s 
Vo [Zee + Zen+s] 


I 


Vo?[(Zoo)n—1, So (Zea leer, (2) 


where Yo=1/Z» is again the characteristic admittance 
of the input and output lines, and the Vij.41° and Zp,441° 
are defined in Fig. 4. It is helpful to note that in the 
case of Fig. 1(d), the characteristic admittances of the 
connecting lines are given by 


(Zoe) k,k+1 — (Zs) k k+1 
2 


Virti = ve'| | = Vo" Kees,  *(3) 
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where the Ky..41 are impedance inverter parameters to 
be discussed later. (They are defined numerically in 
Tables I and II, p. 592.) 

The filter structures in Figs. 2 and 3 are not equiv- 
alent to those in Fig. 1; however, they are closely re- 
lated structures which can readily be treated using 
many of the same concepts and equations. 


B. Use of Mapping Functions, and Selection of Appro- 
priate Lumped-Element Prototypes 


In the design procedure described herein, the band- 
pass microwave filter derives characteristic properties 
of its response from a lumped-element prototype filter 
having analogous low-pass filter response properties. 
Fig. 5 shows a typical low-pass prototype and defines 
the prototype parameters go, £1 °° *, Zn, Znti- Lhe de- 
sign equations in Tables I-III (p. 592) assume that the 
prototype filter is either symmetric or antimetric!?—a 
condition satisfied by the common maximally flat or’ 
Tchebycheff lossless filter designs (which have one or 
more frequencies at which zero reflection occurs). 


Fig. 5—Definition of the low-pass prototype parameters go, g1,° °°: , 
2ny nui. The symmetry about the middle of the filter indicated in 
the equations of Tables I-III results from the use of symmetric 
or antimetric prototypes. The common maximally flat or Tcheby- 
cheff prototypes, which have one or more frequencies where zero 
reflection occurs, always satisfy this symmetry or antimetry con- 
dition. 

A typical low-pass prototype is shown. The dual of this circuit 
would also be satisfactory. 


_ {The inductance of a series coil, or the capacitance 
~ \of a shunt capacitor. 

_ {The generator resistance Ro if gi=C,, but is de- 
° |fined as the generator conductance Go if g:=Zy. 

_ {The load resistance Rn 1 if ga=Cn, but is defined 
&"+1™ as the load conductance Gy..1 if Sn=Ln. 


Me An additional prototype parameter w’ is defined in Figs. 6 
and 


Lk k=l ton 


g 


Weinberg® and Technical Report 4 of this project! 
give tables of element values for such filters. (Weinberg" 
also includes tables for filters which are not symmetric 
or antimetric.) The use of symmetric or antimetric 
prototypes along with equal terminations in the final 
microwave filter (as depicted in Figs. 1-3) is usually 
desirable, and so has been made implicit in the equa- 
tions in Tables I-III. However, these conditions are not 


© E. A. Guillemin, “Synthesis of Passive Networks,” John Wiley 
and Sons, Inc., New York, N. Y., p. 371; 1957. 

‘SL. Weinberg, “Network Design by Use of Modern Synthesis 
Techniques and Tables,” Res. Labs., Hughes Aircraft Co., Culver 
eres” Tech. Memo, 427; April, 1956. Also, in Proc. NEC, vol. 

“W. J. Getsinger, et al., “Research on Design Criteria for Micro- 
wave Filters,” Stanford Res. Inst., Menlo Park, Calif., Tech. Rept. 
4, SRI Project 2326, Contract DA 36-039 SC-74862; December, 1958. 
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necessary, and equations for other cases may be derived 
by the theory in Section III. 

Fig. 6 shows a typical lossless low-pass-filter maxi- 
mally flat response along with the equation for this re- 
sponse. The frequency w,;’ establishes the pass-band 
edge, while A,, is the db attenuation which is per- 
missible within the pass band. The frequency a,’ is a 
frequency at which a stated attenuation, A, db, is re- 
quired. An analogous maximally flat band-pass re- 
sponse, such as might be obtained by the filters in 
Fig. 1, is also shown. Note that this response has 
arithmetic symmetry about », so that the essential 
parameters of the respone may be specified simply as 
1/00, Am, Aa, and w/w. The response of the band-pass 
filter may be predicted directly from that of the low- 
pass filter by mapping the w’ frequency scale of the 
low-pass filter to the w frequency scale of the band-pass 
filter, as indicated in the figure. For the circuits in 


Fig. 1, and the design equations in Tables I and II, the 
proper function F,(@/a@ o) to use is 


mete i. “) 
Ww D Wo 
P.( ) a oA ge oe aie ae ‘ (4a) 
Shey 4/ sin (=) 
209 


For narrow or moderate bandwidths, the simpler func- 


tion 
wW a5) 
liter (=) — ( a 1) 
Wi) Wi) 


will also give good accuracy.! As will be shown, the ac- 
curacy of (4b) is fair even for wide bandwidths. For the 
circuit in Fig. 3 and the equations in Table III, the 
proper function to use is 


(4b) 


, (5) 


Prototype Response Band-Pass Filter Response 
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Fig. 7—Equations and parameters for Tchebycheff response. 
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where w., is a frequency of infinite attenuation, to be 
specified. An accurate general mapping for the circuit 
in Fig. 2 has not been determined. 

Fig. 7 shows corresponding curves and equations for 
the case of filters having Tchebycheff responses. Since 
the choice of mappings is determined by the type of 
filter structure, rather than by the type of response, the 
functions in (4) and (5) apply as before. For both the 
maximally flat and Tchebycheff cases, the number of 
reactive elements 7 required in the low-pass prototype 
is fixed by the parameters a /@0, Am, @a/Wo, and Ag. 
In Figs. 6 and 7, equations are given for solving for n 
in terms of these parameters. Since the /,(@./wo) in 
(4a) and (5) are also functions of m, one must estimate 
a value of m to use in these functions, solve for 7 to get 
an improved value, and then repeat the process. How- 
ever, since the F,,(w,/wo) are only weak functions of 1, 
the process will converge very quickly. In the case of 
(4a) and (4b), the latter equation may be easily used to 
obtain ” accurately for narrow-band cases, and this 
equation will also give a fairly accurate value of 7 in 
wide-band cases. In wide-band cases, the value of 1 ob- 
tained using (4b) can be inserted in (4a), and the equa- 
tion for 7 can then be used again to obtain a more ac- 
curate verification of the value. 


C. A Design Procedure Especially Suited to Filters Real- 
ized in the Forms in Fig. 1(a) and (b) 


Table I summarizes a design procedure which gives 
good impedance levels for filter structures such as those 
in Fig. 1(a) and (b). After an appropriate prototype is 
selected, as described above, the parameters go, 21, - °°, 
Zn, Ln4i, and w,’ from the low-pass prototype are used 
along with the band-pass-filter lower-band-edge ratio, 
o/@9, to obtain the filter design in a straightforward 
manner as outlined. 

Fig. 8 shows the results of some trial designs obtained 
by using a Tchebycheff prototype having 0.10-db pass 
band ripple and ~=6 reactive elements. The curves 
show the response, computed by a digital computer, 
from the circuit element values. For Fig. 8(a), w:/wo 
=0.975 was used, which calls for a 5 per cent band- 
width. As is seen from the figure, there is no noticeable 
deviation from the design objective, and points mapped 
from the low-pass prototype response by use of (4a) 
and also by (4b) are all in excellent agreement with the 
computed response. Fig. 8(b) shows the computed re- 
sponse for a design obtained using w;/w 9 =0.850, which 
calls for a 30 per cent bandwidth. In this case, there is 
a very slight deviation from perfect Tchebycheff char- 
acter, inasmuch as two of the peaks of the pass band 
ripples do not quite reach the 0.10-db level. In this 
case, points mapped from the prototype response using 
(4a) are in practically perfect agreement with the filter 
response, while points mapped using (4b) show some 
noticeable error at the higher attenuation levels. 
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Fig. 8—(a) Computed response of filter designed as in Table I to 
have 5 per cent bandwidth. Design value for w;/wo was 0.975. 
Prototype had 0.10-db Tchebycheff pass band ripple with n =6 re- 
active elements). (b) Computed response of filter designed as in 
Table I to have 30 per cent bandwidth. Design value of w1/w» was 
0.850. Prototype same as (a). (c) Computed response of filter de- 
signed as in Table 1 to have approximately 2 to 1 bandwidth. De- 
sign value for w:/w9 was 0.650, which calls for w2:/w;=2.077. Pro- 
totype same as for (a). 
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Fig. 8(c) shows the computed response for a design ob- 
tained using @/w9=0.650, which calls for a band-edge 
ratio of w./a;= 2.077. In this case, the deviation from a 
perfect response is more noticeable, the most important 
deviation being that the frequency ratio of the 0.10-db 
band-edge points is about os/a;= 1.96, instead of 2.077. 
All of the expected pass band ripples are present, al- 
though in this case two of the ripple peaks are reduced 
to half size. Points mapped from the prototype response 
by use of (4a) appear to fall almost exactly where the 
response curve would have been if the slight shrinkage 
in the pass band width had not occurred. Points mapped 
by use of (4b) weave across the computed response 
somewhat, but follow it surprisingly closely. 

Table IV (p. 593) gives the odd- and even-mode im- 
pedances'! for these filters realized in the form in Fig. 
1(a). Using construction methods to be outlined later, all 
three of these designs should be quite practical. Filters 
designed by use of Table I and realized in the form in 
Fig. 1(a) or (b), are of special practical interest for ap- 
plications where bandwidths of perhaps 50 per cent or 
less are desired. Although the forms in Fig. 1(a) and (b) 
are also practical for larger bandwidths, filters designed 
by Table II and realized in the form in Fig. 1(d) will 
have reasonable element values for large bandwidth de- 
signs and become attractive because they require two 
less sections to achieve a given response. 

A corresponding filter designed by Cohn’s equations’ 
was compared with the 5 per cent bandwidth filter 
described herein, in order to compare the two design 
methods. The designs were found to be basically simi- 
lar, except that Cohn’s equations yielded slightly dif- 
ferent end sections and a 7 per cent higher impedance 
level in the interior sections of the filter. For filters of 
about 10 per cent bandwidth or less, either method 
should give good designs, but Cohn’s design method has 
an advantage of being computationally even simpler 
than that described herein. For bandwidths greater than 
about 10 or 15 per cent, the accuracy of Cohn’s equa- 
tions begins to deteriorate noticeably and the design 
equations described herein are preferable. 


D. A Design Procedure Especially Suited to Filters Real- 
ized in the Forms in Figs. 1(c) and (d) 


In the design procedure of Table I, the end sections 
Migsanc 45, Aci are, im a csense, primarily impedance- 
transforming sections. Using that design procedure, 
moderate impedance levels are maintained in the in- 
terior sections of filters realized in the forms in Figs. 
1(a) or (b), regardless of the bandwidth of the filter, 
but this is achieved by not making full use of all of the 
natural modes of oscillation of which the circuit is 
capable. Using the design procedure in Table I], the end 
sections So: and S,.n41 are eliminated, and the remaining 
network makes full use of all possible natural modes. 
Table II is thus seen to call-for »—1 band-pass filter 


sections to realize a response mapped from an -reac- 
tive-element prototype, while the design method in 
Table | calls for n+1 band-pass filter sections to achieve 
the same response. Designs obtained by Table II will 
usually yield impractical impedance levels for filters of 
the forms in Fig. 1(a) and (b), but the impedance levels 
are moderate for wide-band filters of the forms in Fig. 
1(c) and (d). The form in Fig. 1(d), which is quite prac- 
tical for wide-band designs, becomes less practical for 
narrow-band designs since the characteristic admit- 
tances of the shunt stubs then become quite large. 
Fig. 9 shows the response of a filter designed using 
Table Il from a 0.10-db ripple, 7 =8, Tchebycheff proto- 
type with w/a )=0.650. Table V (p. 593) shows the 
element values for a realization as in Fig. 1(d). In this 
case, the pass band ripples are more uneven than in the 
previous examples; however, the bandwidth suffered 
less shrinkage than in the previous 2 to 1 bandwidth 
design, whose response was shown in Fig. 8(c). In both 
the case of Fig. 8(c) and the case of Fig. 9, the filter has 
seven sections; however, it should be noted that the 
latter response has a steeper cutoff, since it was designed 
from an n=8 instead of an ~=6 prototype. It is thus 
seen that points mapped from the prototype response by 
use of (4a) are again quite accurate, but those using (4b) 
show appreciable error at high attenuation levels. 
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Fig. 9—Computed response of a filter designed as in Table II to have 
approximately 2 to 1 bandwidth. Design value for w:/w9 was 
0.650. Prototype had 0.10-db Tchebycheff pass band ripple with 
n=8 reactive elements. 


If filters in the form of Fig. 1(c) or 1(d) are desired, 
but with a somewhat different impedance level for their 
interior sections, they can be achieved by using a modi- 
fied form of the calculation procedure in Table III, as 
is described in Section III-D. 


E. Design of Filters in the Form in Fig. 2 


Filters of the form shown in Fig. 2 can be readily de- 
signed by a modified use of Table II. The design is 
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carried out to first give a filter in the form in Fig. 1(d), 
with the desired pass band characteristic and band- 
width. Then each shunt, quarter-wavelength,” short- 
circuited stub of characteristic admittance Y; is re- 
placed, as shown in Fig. 2, by a shunt, half-wavelength, 
open-circuited stub having an inner quarter-wave- 
length portion with a characteristic admittance, 


Y,(@ tan? 6; — 1) 
Vix = , (6) 
(a + 1) tan? 6; 


and an outer quarter-wavelength portion with a char- 
acteristic admittance, 


Vie oY. (7) 


The parameter a is fixed by 


Teo 
a = Cov 
209 


where 6;= 7/2, and w,, is a frequency at which the 
shunt lines present short circuits to the main line and 
cause infinite attenuation. The principle upon which the 
above substitution is made is that (6) to (8) are con- 
strained to yield half-wavelength open-circuited stubs, 
which have exactly the same susceptance at the band- 
edge frequency a, as did the quarter-wavelength short- 
circuited stubs that they replace, while both kinds of 
stubs have zero admittance at wp. 

To test out this procedure, a filter was designed as in 
Table II to give 30 per cent bandwidth (@;/w = 0.850) 
using a 0.10-db Tchebycheff prototype with n=8. 
Then, choosing w,,/w0=0.500, which gives a=1, the 
quarter-wavelength stubs were replaced by half-wave- 
length stubs as described above, and the resulting com- 
puted response is shown in Fig. 10. Note that the pass 
band is almost exactly as prescribed, and that there are 
low attenuation regions in the vicinity of w=0 and 
® =2w 9, which are to be expected. The element values 

for this filter are shown in Table VI (p. 593). 
~The 2 to 1 bandwidth filter design (Fig. 9 and Table 
V) was also converted to this form using w,,/wo=0.500, 
and its response was computed. The features of the pass 
band looked much the same as those in the expanded 
plot in Fig. 9, while the stop bands consisted of very 
sharp attenuation spikes surrounding w/@»=0.500, in a 
manner similar to that in Fig. 10, except that the at- 
tenuation bands were much narrower. 

Filters of the form in Fig. 2 should be particularly 
useful where the pass bands around w=0 and w= 2w» 
are not objectionable, and where there is a relatively 
narrow band of signals to be rejected. By the proper 
choice of w,, the infinite attenuation point can be 
placed so as to give maximum effectiveness against the 


(8) 


(@eq /W9)< (w; /wo) 


6 The reference wavelength is that at the mid-band frequency wo 
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Fig. 10—Computed response of a 30 per cent band-pass filter de- 
signed in the form in Fig. 2. Design value for w:/wo=0.850. Pro- 
totype had 0.10-db Tchebycheff ripple with =8 reactive ele- 
ments. 


unwanted signals. Filters of the form in Fig. 2 are more 
practical for narrower bandwidths than are those in the 
form in Fig. 1(d), because of the larger susceptance 
slope of half-wavelength stubs for a given characteristic 
admittance. For example, in the case of Fig. 10, the 
shunt stubs for this filter as shown in Fig. 2 have char- 
acteristic admittances Y;’= Y;”’, which are 0.471 times 
the characteristic admittances of the shunt stubs of the 
analogous filter in the form in Fig. 1(d), from which 
it was designed. Thus narrower bandwidths can be 
achieved without having the characteristic admittances 
of the shunt stubs become excessive. 


F. Design of Filters in the Form in Fig. 3 


For filters of the form in Fig. 3, the mapping function 
in (5) should be used along with the equations in Table 
III. In this case w,, is the frequency of infinite attenua- 
tion created by the half-wavelength series stubs at the 
ends. The parameter d may be chosen to adjust the 
impedances of the interior of the filter to a convenient 
level. 

This type of filter gives a cross between the type of 
response obtained using a filter as in Fig. 1(d), and that 
obtained by a filter as in Fig. 2. At first, a design of 
the form in Fig. 1(d) was tried, but with the end stubs 
(only) replaced with shunt half-wavelength open- 
circuited stubs. This gave infinite attenuation at w=0 
and w, as expected, but yielded a point of very low 
attenuation (around 10 db) between these two fre- 
quencies (and between other corresponding frequencies). 
It was then found that by using an altered design pro- 
cedure which yields series half-wavelength — short- 
circuited stubs at the ends, the desired type of response 
could be obtained without excessive drop in attenuation 
between w=0 and w,. 
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Fig. 11—Computed response of a filter as in Fig. 3, with approxi- 
mately 2 to 1 bandwidth. Design value for w/w» was 0.650. Pro- 
totype had 0.10-db Tchebycheff ripple with 7=8 reactive ele- 
ments. Parameters d and w.,/w» were both chosen as 0.500. 


Fig. 11 shows the computed response of a filter de- 
signed using Table III to give approximately 2 to 1 
bandwidth. The prototype, again, had 0.10-db Tcheby- 
cheff ripple, and n=8. The remaining design parame- 
ters were @/Wo= 0.650, w.,/@)=0.500, and d=0.500. In 
this case the pass band ripples are not as well developed 
as in the previous examples. It has been found that the 
design theory used herein works best if all of the sec- 
tions are of the same basic form; since the end sections 
are different from the other sections in this case, the 
larger deviation from a 0.10-db equal-ripple response is 
not surprising. (From a practical standpoint, this devia- 
tion may be good, since the ripples are small at the 
band edges, where incidental dissipation will tend to 
increase the pass band loss most.) Points mapped from 
the prototype response using (5) are seen to come fairly 
close to the computed response, although not as close as 
(4a) did where it was applicable. Both (4a) and (5) 
were derived on the same basis and should probably 
yield similar accuracy. The larger deviations in this 
case are probably due at least in part to the fact that 
the pass band response itself deviates more from the 
| design objective. The element values for this filter de- 
sign are given in Table VII (p. 593). 


G. Suggested Ways for Fabricating the Filters Under 
Consideration 


For bandwidths of perhaps around 20 per cent or less, 
filters of the form in Fig. 1(a) are readily realized in 
printed-circuit form by use of Cohn’s data for zero- 
thickness parallel-coupled strips.'"® Larger bandwidths 


16S. B. Cohn, et al., “Strip Transmission Lines and Components,” 
Stanford Res. Inst., Menlo Park, Calif., Final Rept., SRL Project 
1114, Contract DA-36-039 SC-63232, ch. 3; February, 1957. Also, 
S. B. Cohn, “Shielded coupled-strip transmission line,” IRE Trans. 
on MicRoWAVE THEORY AND TECHNIQUES, vol. MTT-3, pp. 29-38; 


October, 1955. 


are difficult using this construction, because the gaps 
between the conductors must become extremely small. 
A suggested way for getting around this problem while 
still using printed circuit construction is shown in Fig. 
12. Instead of just two slabs of dielectric, four slabs are 
used, two of which are relatively thin. Then alternate 
conductors are printed to form a double layer, as shown 
in the cross-sectional view, so that the adjacent con- 
ductors can be interleaved. This gives a relatively large 
odd-mode capacitance without the need for extremely 
close spacings. The cross section of the conductors is 
no longer balanced geometrically; however, by proper 
design, the even- and odd-mode impedances for both 
the single- and double-layer conductors can be made 
the same. 

Fig. 13 shows a suggested way for realizing filters of 
the type in Fig. 1(b). In this case, the conductors are 
rectangular bars supported mechanically by the short 
circuits at their ends. This construction can be used for 
either narrow- or wide-band filters and has the advan- 
tages of not requiring dielectric material (hence having 
no dielectric loss), and, with rounded corners on the 
conductors, of having relatively high power-handling 
capability. 

Fig. 14(a) shows a possible way for building filters of 
the type in Fig. 1(d). This filter uses mostly double 
stubs instead of single stubs, so that the cross-sectional 
dimensions of the stubs (and the junction discontinut- 
ties) can be made smaller. It was designed in thick bar 
strip-line construction, in order to reduce the junction 
discontinuity effects and to make these effects less fre- 
quency-sensitive.'? This filter was designed for a 2.2 to 
1 bandwidth from a 0.10-db Tchebycheff ripple ten- 
reactive-element prototype. Three additional sections 
identical with the middle sections of the 7=10 design 
were added in order to increase the rate of cutoff. This 
gave a resulting design which is not quite the same as a 
true n=13, 0.10-db-ripple Tchebycheff design, but the 
difference is small. As can be seen from the measured 
results in Fig. 14(b), the response is close to the the- 
oretical. 

It has been observed that any of the types of filters 
in Figs. 1, 2, or 3 may have narrow spurious pass 
bands, at frequencies in the vicinity of f=2fo, if there 
is deviation from perfect tuning in one part of a filter 
with respect to the rest of the filter. Since small devia- 
tions from perfect tuning are difficult to avoid, some 
measures should be taken to suppress these spurious 
pass bands if they are objectionable for the application 


17 P, S. Carter, Jr., G. L. Matthaei, and W. J. Getsinger, “Design 
Criteria for Microwave Filters and Coupling Structures,” Stanford 
Res. Inst., Menlo Park, Calif., Tech. Rept. 8, pt. 3, SRI Project 2326, 
Contract DA 36-039 SC-7462. This reference discusses reasons why 
this bar construction is expected to have less junction discontinuity 
effect than either thin strip transmission line or coaxial line construc- 
tion of equivalent size. It also discusses other practical matters with 
respect to the design of this type of filter. 
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Fig. 12—Possible means for fabricating wide-band filters of the 
type in Fig. 1(a), using printed circuit techniques. (In order to 
achieve tight coupling with reasonably large conductor spacings, 
alternate conductor strips are made to be double so that con- 
ductor strips can be interleaved. This construction is electrically 
balanced with respect to the ground planes and will not excite 
ground plane modes, as would overlapped strips which did not 
interleave. ) 


CONDUCTOR SHORT - CIRCUITING 
AND SUPPORTING BLOCKS 


sistas — — ee 
4 Z © 
a at SS 
< 
— © 

LIP ON EDGE OF BLOCKS FOR 

POSITIVE CONTACT 

@ @ ie) © 
L—§s )' 


rm. METAL GROUND PLANES 


SHORT-CIRCUIT “BAR CONDUCTORS 


AND SUPPORT BLOCK 
SECTION A-A’ 


Fig. 13—Possible means for fabricating wide-band filters of the type 
in Fig. 1(b), in bar-transmission-line construction. (The short- 
circuiting blocks support the bar conductors so that no dielectric 
material is required.) 


at hand. A possible way of suppressing such responses is 
to use a filter of the form in Fig. 3, with a=, so that 
the series stubs become open-circuited stubs one- 
quarter-wavelength long at fo. Although this has not 
been tested as yet, it appears reasonable that series 
stubs of this sort can be used to maintain high attenua- 
tion in the vicinity of 2f9, since they present large series 
reactances at frequencies in the vicinity of 2fo, while 
the spurious responses in the shunt-stub portion of the 


IRE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES 


November 


(a) 
a ee a Le Sl eT ae T 
40 = 
30} 4 
2 
3 
2 [ FREQUENCY—kMc = 
co) 
5 
z 4 
G20 
fs 
= 
S MEASURED STOP BAND 
—_°——~ |NSERTION LOSS 
PASS BAND REFLECTION LOSS 
COMPUTED FROM MEASURED VSWR 
10 B PASS BAND INSERTION LOSS 
SPOT CHECK POINTS 
= — = — SEE PLOT ABOVE ++ 
ee pL Aes Re a a) Ss ete a a) a Lote 
Ns 2.0 25 3.0 3.5 4.0 - 45 5.0 5.5 


FREQUENCY — kMc 


(b) 


Fig. 14—(a) Filter of the type in Fig. 1(d) with cover plate removed. 
Rectangular bar strip transmission line construction is used. The 
blocks along the sides of the filter short circuit the stubs and sup- 
port the center-conductor structure. (b) Measured response of the 
filter in Fig. 14(a). The dissipation loss can be reduced by silver 
plating since the filter as tested used a brass inner structure with 
aluminum cover plates. 


filter are due to large shunt susceptances of opposite 
signs cancelling each other. Quarter-wavelength or 
half-wavelength series stubs, such as those in Fig. 3, 
can be realized as coaxial structures within the center 
conductor of the filter.® 


II1. THEORETICAL BASIS FOR THE FILTER 
EQUATIONS AND MAPPING FUNCTIONS 


A. Modified Prototypes as a Basis for Design 


The first step in deriving the design equations used 
herein is to convert the low-pass prototype (Fig. 5) toa 
modified form that involves impedance inverters or 
admittance inverters. The concept of impedance in- 
verters has previously been discussed in detail by 
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Cohn;!* admittance inverters are simply the dual repre- 
sentations of impedance inverters, and are introduced 
only for convenience. Fig. 15 summarizes the basic 
properties of these two types of inverters. 

Using methods similar to those of Cohn,!* any circuit 
like that in Fig. 5 may be converted into either of the 
dual forms in Fig. 16. In Fig. 16(a), which uses imped- 
ance inverters, all of the elements sc bok ep Be ee 
Lan, Ri may be chosen arbitrarily; the inverter param- 
eters Ky x41 are then computed as indicated. 

Analogous conditions hold for the dual circuit at (b) 
in Fig. 16. In the discussion to follow, the impedance 
(or admittance) inverters will be assumed to be ideal- 

ized so that their electrical behavior is exactly as indi- 
cated in Fig. 15. They will be used merely as an aid to 
mathematical reasoning, and no direct attempt will be 
made to find a circuit which approximates their ideal- 
ized performance. Instead, as indicated below, the 
approximations will be based upon the impedance in- 
verters plus part of each adjacent element. 


’ 


B. Procedure for Deriving the Equations in Table I 


The design equations in Table I are based on the 
modified prototype shown at (a) in Fig. 16, while Fig. 
17 shows the manner in which the element values are 
specified, and the manner in which the prototype is 
broken into sections. The image impedance, Z*;441(@’), 
and phase, 6z,411 (in the pass band) for each of the 
prototype interior sections (Sj:’ to S,1,,’) are readily 
shown to be 


i ff Cy DN 
Zi k+1(W') —— Kes '/ 1 — (——") (9) 


Gey 
and 
a (Lal 2) | 1 
ie = = Shar a5 » (10) 
Be k4+1 | ate 5 


w’< (Kx ¢41)/(La/2) 


where, as before, w;’ is the cutoff frequency for the low- 
pass prototype. The choice of +7/2 in (10) depends on 
whether the inverter is taken to have +90 degrees 
phase shift. The work of Jones and Bolljhan shows" 

that the image impedance and pass band image phase 
for a parallel-coupled section as shown in Fig. 4(a) are 
given by 


wl (Lie an Lea)? = ie (Zine + Tale cos? 6 


= : (11) 
2 sin @ 
and 
Wie ey 
= cos_!| {| ————— ] cos @ |, (12) 
g fr ie hos The 


where 6=7w/2w», and where Z.- and Z,. are the even- 
and odd-mode line impedances, respectively. The 


18 Cohn, et al., op. cit., footnote 1. (SRI Rept.), ch. 2. Also, S. B. 
Cohn, Tene Pane taseantor filters,” Proc. IRE, vol. 45, pp. 


187--196; February, 1957. 
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Fig. 15—Definition of impedance inverters and admittance inverters. 
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Fig. 16—Low-pass prototypes modified to include impedance in- 
verters or admittance inverters. (The go, gi, °° ° , Zn, Zn41 are Ob- 
tained from the original prototype as in Fig. 5, while the R,, 
Digi, 2 = Leon, and Ky or the Gz, Cua, ~°+ , Can, and Gz may be 
chosen as desired.) (a) modified prototype using impedance in- 
verters. (b) Modified prototype using admittance inverters. 


Fig. 17—Modified prototype for deriving the design 
equations in Table I. 
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parameters of the parallel-coupled sections Sy to Sn-1.n 
in Fig. 1(a) are related to the prototype sections Si’ 
to S,-1,, of the prototype by forcing the following cor- 
respondences between the two structures: 


(a) The image phase of the parallel-coupled sec- 
tions when w=w » must be the same as the 
image phase of the prototype sections when 
ar 

The image impedances of the parallel- 
coupled sections when w=») must be the 
same (within a scale factor s)'* as the image 
impedances of the corresponding prototype 
sections when w’=0. 

The image impedance of the _ parallel- 
coupledsections when w =w; must be thesame 
(within a scale factor s)!* as the image im- 
pedances of the corresponding prototype 
sections when w’/ =a)’. 


(c) 


(13) 


Correspondence (a) is fulfilled in this case by choos- 
ing the + sign in (10). Equating (9) and (11) and evalu- 
ating each side at the appropriate frequencies indicated 
above, two equations are obtained from which the 
equations in part (b) of Table I may be derived (with 
the help of the information in Figs. 16 and 17) by 
solving for Z...and Zs. 

The end sections, So, and Sy,n41, must be treated as 
a special case. Defining Zin(jw) as the impedance seen 
looking in the right end of the parallel-coupled sec- 
tion Soi in Fig. 1(a), with the left end connected to the 
input line of impedance Zo, the following correspond- 
ences are forced with respect to Zjn’(jw) indicated in 
Pig. 17: 

(a) Re Zin(GGwo) =Re Zin(joi) for the parallel- 
coupled terminating circuit, just as 
Re Zin’ (j0) = Re Zin’ ( — a’) for the terminat- 
ing circuit of the prototype. 

Im Zin(jo1)/Re Zin(jar) must equal X’/R’ 
=Im Zin’(—jor’)/Re Zin’(—jax’) computed 


(0) 


from the prototype. (14) 
Defining 
Wie =F, Zee 
poeeus a ee (15) 
R,2 sin 6; 
and 
(Zoe)o =P (ZGs) 
c= 1 01 (16) 


R,2 tan 6; 


it can be shown that correspondence (a) in (14) will be 
obtained if 


Q = cot A; (17) 


19 Taking Rz,=Rt=Zpo. 
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is satisfied, where 0=7/2wo. Further, correspondence 
(b) requires that 
RE 

034-00 = P2)- i P= 0 (18) 
be satisfied. Substituting (17) in (18), and solving for 
(Zoe)o1 and (Zoo) 01 yields the results in part (a) of Table 
I. Even if R,=Zo, the above conditions will generally 
result in an impedance level for Zjn(jw) of the band- 
pass filter, which is different than that of Zin’(jw’) for 
the prototype. The impedances of the interior sections 
must therefore be corrected by multiplying by the 
scale factor s indicated in Table I. 


C. Procedure for Deriving the Equations in Table II 


Fig. 18 shows the manner in which the modified pro- 
totype at (a) in Fig. 16 is broken into sections and the 
elements specified for deriving the equations in Table II. 
Note that in this case the end impedance inverters, 
Ko and K,.n41, are both made equal to the terminating 
resistances R,=R,. For the end inductances, Lai= Lan 
= R,gogi; however, La=Las= -:- =Lan1 are made 
equal to 2L,1 so that the structure can be broken into 
symmetrical sections without the need for end sec- 
tions. Using the indicated values for the Lax, the Ky x41 
are obtained by use of Fig. 16. Then all of the sections 
are designed by use of (9)—(12) and the correspond- 
ences given in (13). 


R 9 
gti lo 
ED) Ke K 
Lea bo 


c 
= = dg, ,C, = 2dg, 


=e Npl=d)h Ge Ser = 


Fig. 19—Modified prototype for deriving the equations in Table III. 
Parameter d may be used to adjust the impedance level in the 
center part of the filter. In the example of Fig. 11, d was chosen as 
one-half, to split C.= Cy’ + Cy” in half. 


D. Procedure for Deriving the Equations in Table III 


Fig. 19 shows the modified prototype used for deriv- 
ing the equations in Table III. In this case, most of the 
structure is in the form shown in Fig. 16(b). However, 
inverters Joi, Siz, Sn—1,n, aNd Jn.n41 have been omitted. 
Here, Li and C2 have the same values that they had in 
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their original prototype form in Fig. >. Capacitor Ce is 
split into two parts, C2’ and Cy’, and the parameter d 
is used to establish what fraction of C, becomes es 
mien the capacitance values C.s=Cya= = Ca,n—2 
are established, so that all of the interior sections can be 
broken into symmetrical sections. The interior sections 
are then related to parallel-coupled sections, as in Fig. 
4(b) by dual procedures to those used for the interior 
sections for Tables I and II. The parallel-coupled sec- 
tions are then converted to stub form by the equivalence 
in Fig. 4(b). The end sections are designed by forcing 
the stubs to have reactances at w=wp and w=«, (on a 
normalized basis) which are the same as those of the 
_ corresponding prototype elements ZL; and C3’, at w’=0 
and w’ = —a’, respectively. 

This same general viewpoint should be useful for de- 
signing filters in the form in Fig. 1(c) and (d) to give 
some desired impedance level in the interior part of the 
filter. To accomplish this, the prototype in Fig. 18 
should be converted to its dual form analogous to that 
shown in Fig. 16(a). Then, the capacitor C; is split, just 
as C2 is split in Fig. 19. The resulting design equations 
are 


if 2 the n VBC 
ee eee es ee 
Yo Yo V £182 
Jk kt = goCa 
Vpn 3 td n—2 V SeBi—1 ' 


My +1 = 


Tink 2 gows’Ca tan 6, 2 
ee, 
y 0 2 


a Jk hat 
YotiMermi —- = ) 
Yo 


= goVows'(1 — d)gi tanf1 + Vas, 
ag yg ls ea; 


ees a ae i] = Ui ele 


3 
Viet [n—1 to n—1 — 


Y; = F, 
Y;, lem to n—1 — 
Vy p21 es torn — Tl eae 


Although this technique has been used successfully for 
achieving small adjustments in impedance level within 
a filter, the filter-response accuracy resulting when this 
technique is used to achieve large changes in im- 
pedance level has not been tested. 


E. Selection of Mapping Functions 


Previous work of Cohn,‘ and also the plots presented 
herein, show that when the function in (4b) is used as 
indicated in Fig. 6 or 7 to map the response of a low- 
pass prototype, it will predict quite accurately the re- 
sponse of band-pass filters of the form in Fig. 1(a) hav- 
ing narrow or moderate bandwidth. Although the func- 
tion in (4b) is very useful, it should not be expected to 
give high accuracy for wide-band cases because it is not 
periodic (which the filter response is), nor does it go to 
infinity for w=0, 2w0, 4wo, etc., which is necessary in 
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order to predict the infinite attenuation frequencies in 
the response of the band-pass filter structure. It might 


at first seém that 
y/o) 
= GOL | == 
209 


w 
1, ma — 
Wo 


would solve this problem nicely, since it is periodic 
as desired, it varies similarly to (4b) in the vicinity 
of wo, and it has poles at the desired frequencies 
w®=0, 2w, 4wo, etc. However, if the structures in Fig. 1 
are analyzed, it will be seen that no matter what value 
of n is used, the poles of attenuation at w=0, 2w, 4wo, 
etc., are always first-order poles.2° Meanwhile, an n-reac- 
tive-element prototype as in Fig. 5 (which will have an 
nth-order pole at w’=<) will map so as to give mth 
order poles at w=0, 2wo, etc., if the function in (19) is 
used. This important source of error is corrected in the 
case of (4a) by replacing cot (tw/2w0) by cos (aw/2w0) / 
sin (rw/2wo)|, and then taking the nth root of the 
denominator. In this manner, the poles generated by 
the zeros of | sin (rw/ 2a) | become of 1/z order, which 
causes the mth-order pole at w’= ~ for the prototype 
response to map into first-order poles of the band-pass 
filter response at the desired frequencies. 

In the case of the circuit in Fig. 3, the poles of attenu- 
ation at w=0, 2w9, 4wo, etc., will again always be of first 
order regardless of the value of m used: However, the 
series stubs at each end produce second-order poles at 
the frequency w., and at other corresponding points in 
the periodic response.?! Thus, the 


(19) 


xY | sin (1w/2w9) [ 


factor in the denominator of (5) assures that the uth- 
order poles at w’= © in the prototype response will 
always map to first-order poles at w=0, 2wo, etc., for 
the band-pass filter response. In addition, the factor 


Was core) | ame 


is introduced to cause the mth-order pole at infinity in 
the prototype response to map to second-order poles at 
w.. (and other periodic points) for the band-pass filter 


20 For example, for the filter form in Fig. 1(d), as »—0 the effect of 
all of the shunt stubs can be reduced to that of a single shunt zero- 
impedance branch which would produce a first-order pole of attenua- 
tion w =0. (One way in which higher-order poles can be generated is 
to produce shunt zero-impedance branches alternating with series 
branches having infinite impedance. ) t 

21 This can be seen as follows: For w=w., each of the series stubs 
represents an infinite-impedance series branch. For this single fre- 
quency, the interior part of the filter can be replaced by an equivalent 
T-section with a finite shunt impedance. Thus, the structure can be 
reduced (for the frequency w.) to _two series infinite-impedance 
branches separated by a finite shunt-impedance branch. This can be 
seen to result in a second-order pole of attenuation. (If the impedance 
of the equivalent shunt branch had been zero, the pole of attenuation 
would have been raised to third order.) 
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response. In this manner, all of the proper poles of 
attenuation are introduced with their proper order. 

These principles can also be applied to the structure 
in Fig. 2, but this structure presents some new diff- 
culties. It can be seen that this structure will develop 
nth-order poles of attenuation at w, and corresponding 
periodic points, but the half-wavelength stubs also 
introduce additional natural modes of oscillation which 
create, in addition to the desired pass band, a low-pass 
pass band (and corresponding periodic pass bands) as 
shown in the response in Fig. 10. This additional low- 
pass pass band approaches w,, quite closely, with the 
result that, although the pole at w,, is of relatively high 
order, its effectiveness is weakened by the close proxim- 
ity of this low-pass pass band. The function 


(2) Tu 
ie = |) = tam || —= 
Wo) Wi 


for the case of w,,/@,.=0.50 would map the prototype 
response to give a low-pass pass band, an nth-order 
pole at w,, and the desired pass band centered at wo. 
However, it would not properly predict how close the 
low-pass pass band comes to w,, nor could it account 
for the oversize attenuation ripples which occur in this 
band (Fig. 10). As a result, the function in (20) predicts 
an overly optimistic rate of cutoff at the edges of the 
pass band centered at wo. It is probable that a useful 
approximation could be obtained by using a mapping 
function, such as that in (20), with additional factors 


(20) 


DABLE SL 


DESIGN EQUATIONS ESPECIALLY SUITED FOR FILTERS 
OF THE FORM IN Fic. 1(a) AND (b) 


Use mapping (4a) or (4b) and Fig. 6 or 7 to select prototype having 
required value of x. Equations below are for filters in the form of 
Fig. l(a). There are n+1 parallel-coupled sections for an n-reactive- 
element prototype when using the design procedure below. 


(a) Sections Sq and Sprit 


Ko ~ 1 ee GUE Kani a TO) 
Zo V gogiwr’ Zo : 2a 
2 Se 
Teer po fee 
0+ 
2(Koi/Zo)? 
¢ sin ) 
Sa, ee 
Ko1/Zo 


(Zoe) 01 = (Ze) ante — Zo(1 +. 1p sin 64) 
(Zoo) 01 = (Zion) regres — Zo(1 — Pp sin 61) 
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(b) Sections Sy. to Spin 
Kinky \? tan? 0, 
ne Nr, 5 = V/( ) 
Zo wy! V/ Sek ee Zo ae 4 
Keep ) 


(Zoe) kuk-t1 — (CA see =") (Cia + Se 


0 


Ki ky os 1 


Kx, 
(Zoo)ktr1 = (Zoo)ntin-ky1 = 5 (Mean a ae ) 


0 


where 6, and s are defined as in (a) above and k=1, 2,--+,—1. 
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added which create zeros in F,,(w/ ), close to, but 
somewhat off, the jw axis (regarded from the complex- 
frequency point of view). Proper location of these zeros 
could then be used to extend the low-pass pass band up- 
wards toward w,,, which should give the proper effect. 


TABLE II 


DESIGN EQUATIONS FOR FILTERS ESPECIALLY SUITED FOR 
REALIZATION IN THE FoRM IN Fic. 1(c) AND (d) 


Use mapping (4a) or (4b) and Figs. 6 or 7 to select prototype. Equa- 
tions below are for filters in the form of Fig. 1(a), but they are readily 
converted to the form in Fig. 1(c) or (d) by use of Fig. 4. Using these 
equations, sections So and S;,n.1 are omitted, and there will be »—1 
parallel-coupled sections for an n-reactive-element prototype. 


Sections Siz to Sn_i,n 


Kip = KGa 7 V2g081 
Zo Zo V £182 
se _ Koctnkss 208 
Zo \ke2 ton—2 Yh / bees 
Tw Ke 5 
0, = — ate Nien = Vj (=) ae (cor gog1 tan 6,)2 
2 Wo ie 
(Zoe)k.k+1 = (4) = Zo (Wiss == =) 
Zo 
Kae 
(Zoo)kvk+1 a (Zoo) n—kin—ki1 = Zo (Came = : a 
Zo 
where k =a Ly 2, ae riers n—1. 
TABEESLE 


DESIGN EQUATIONS FOR FILTERS OF THE FORM IN FIG. 3 


Use mapping (5) and Fig. 6 or 7 to select prototype. 
peta Sl _ Tee, 


2a ea 2a 


where w. is a frequency of infinite attenuation as indicated in Fig. 11. 
Referring to Fig. 3: 


[a(tan 6;)? — 1Jeor’gogi 
Yo(a + 1) tan 


@ = cot? 6., 4,=2,= 


Lit = Link — aZi, Gs — 2dgo, 
where @si is a constant (typically one-half or somewhat larger), 
which may be chosen to give a desired impedance level in the interior 
of the filter. 

coe Ca 
k=8 to n—3 ZoV Sekkvr 


ae 2 / 
Mite / (7) 2 (ee ey 
0 


20 


J 23 Inn 


4, V/'g2Cw 
Yo Yo 


Seka 
SoV £283 Yo 


8 >8 S dines 1 
} Kyk+1 |x 2ton-2 = Y n—kin—k41 = Y ft) (ave eee q 
Yo 


Then for the shunt stubs: 
FeiNoe 
So 


VER tan 0; + vas 


Ss 
Vn—eyt = Vi-ue + Viveg. 
And for the connecting lines: 


Vir [nad to noe = 


Vary lea tome Vb eael =, Sete 
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TABLE IV 


SUMMARY OF EvEN-MopgE anp Opp-MopE IMPEDANCE VALUES FOR 
THE FILTERS OF FIG. 8(a)—(c) DESIGNED BY USE OF TABLE I 
AND REALIZED IN THE ForM IN Fic. 1 (a) 


Fig. 8(a) Fig. 8(b) Fig. 8(c) 
(5% Band- (30% Band- | (2 to 1 Band- 
width) width) width) 
(Zoe)o1 = (Zoe) 67 25 1.540 eels 
(Zoe)12 = (Zoe) se 0.996 1.023 iL sale? 
Ziee oa — (Zina) a5 0.981 0.937 0.954 
(Zoe) 34 0.980 0.927 0.933 
(Zoo)o1 = (Zoo) 67 0.749 0.460 0.284 
(Zoo)12 = (Zoo) 56 0.881 0.491 0.208 
(Zoo) 23 = (Zoo) 45 0.895 0.536 0.250 
(Zoo) 34 0.896 0.542 0.255 


All values normalized so that Z,=1. 


S05) Dea) 


ELEMENT VALUES FOR THE FILTER oF FIG. 9 
REALIZED AS SHOWN IN Fic. 1(d) 


Filter designed using Table II from a 0.10-db ripple, »=8, 
Tchebycheff prototype using w;/w)=0.650. 


VY; = Vg =1.042 Y; = Ye =2.049 
ve Y73=1.288 Vi.= Veg— 1292 
Y2 = Y,7 =2.050 VY, =Y; =2.087 
Yo3 = Ye; = 1.364 Y45=1.277 


All values normalized so Y)=1. 
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TABLE VI 


ELEMENT VALUES FOR THE FILTER oF FIG. 10 
REALIZED AS SHOWN IN Fic. 2 


Filter designed from a 0.10-db ripple, n=8, Tchebycheff proto- 
type using w1/#) =0.850 and w,,/w) =0.500. This, then, calls for a=1 
so that VY,’ = Y;’’ throughout. 


Y,'= Ys'=1.806 V3’ = Ye’ =3.584 
Vi2 = V7g= 1.288 Vos = VYog=1.292 
Ve 152 85 Y,'=Y;/=3.614 
Yo3 = Ye7 = 1.364 Y45=1.277 


All values normalized so that Yo=1. 


TABLES VIL 


ELEMENT VALUES FOR THE FILTER OF Fic. 11 
REALIZED AS SHOWN IN Fic. 3 


Filter designed using Table III from a 0.10-db ripple, n=8, Tche- 
bycheff prototype using w /w»=0.650 and w.,/w»9=0.500. 


Z, =Zs =0.606 73 = Ve =1.235 
V34 = Vsg=0.779 
Y, =Y; =1.258 
745=0.770 


Radio-Frequency System of the Cambridge 


Electron Accelerator* 


KENNETH W. ROBINSON}, MEMBER, IRE 


Summary—The requirements for the RF system of the Cam- 
bridge Electron Accelerator are investigated and the choice of the 
major parameters of the system is discussed. The strongly coupled 
waveguide cavity system is analyzed and the performance of the 
system with various types of imperfections is calculated. 


INTRODUCTION 


HE Cambridge Electron Accelerator is a project 

to design and construct a 6-billion-volt electron 

synchrotron at Harvard University to be used 
for high energy physics research.’ 

The Cambridge accelerator has two important dif- 
ferences from most synchrotrons which require the de- 
sign of the RF system to be very different from that of 
other circular accelerators. The electrons radiate electro- 
magnetic energy due to the curvature of their orbits in 


* Received by the PGMTT, April 14, 1960; revised manuscript 
received July 13, 1960. j 

DC aabides Electron Accelerator, Harvard University, Cam- 
bridge, Mass. , 

1 Proc. Internatl. Conf. on High-Energy Accelerators and Instru- 
mentation, CERN, Geneva, Swiz., pp- 335-338; 1959. 


the magnetic guide field. At 6 bev, the radiation loss is 
4.5 mev per turn. This radiation loss occurs as discrete 
quanta which are typically 15-kv X rays at 6 bev. The 
emission of these discrete quanta produces synchronous 
oscillations of the individual electrons in energy and 
phase position about the equilibrium values, and re- 
quires the RF voltage to be substantially larger than 
the radiation loss, in order to prevent the particles being 
lost from the phase stable region.? The other charac- 
teristic is the initial injection of electrons at an energy 
of 20 mev or higher which eliminates the need to modu- 
late the frequency, and makes it possible to use high 
QO cavities for the system. 

The problem of the RF system is, then, to design a 
system capable of developing the large accelerating volt- 
age required to make up the peak radiation loss of 4.5 
mev per turn and contain the quantum induced phase 
oscillations. During the acceleration cycle the radiation 


2M. Sands, “Synchroton oscillations induced by radiation fluctu- 
ations,” Phys. Rev., vol. 97, pp. 470-473; 1955. 
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loss is proportional to the fourth power of the electron 
energy, so the RF power required during the early por- 
tion of the acceleration cycle will be much less than the 
peak RF power. The ratio of average to peak RF power 
required is estimated to be about 15 per cent. 

The magnet structure of the Cambridge accelerator 
has 48 magnets with 48 equal-length straight sections. 
The number of RF cavities is chosen to be 16, as the 
largest number of symetrically located cavities which 
can be put into the 48 straight sections, due to other 
requirements for use of the straight sections. 

The choice of the frequency of the RF system is de- 
termined by several factors. The general range of the 
frequency is chosen so as to approximately minimize the 
RF power required. In a cavity of fixed total length, 
the number of cavity sections may be increased propor- 
tionally to the frequency, and the total shunt im- 
pedance will then increase porportionally to the square 
root of the frequency. However, as the frequency is 1n- 
creased and the wavelength is decreased, the allowable 
longitudinal displacement in a phase oscillation is re- 
duced, and a higher RF accelerating voltage is re- 
quired to prevent the electrons from being lost due to 
the quantum induced synchronous oscillations. Quanti- 
tative evaluation of these two factors gives an optimum 
frequency of about 600 mc. Other considerations, such 
as the aperture required in the cavity for the electrons, 
and the desire to synchronize the RF system with the 
linear accelerator used for injection, lead to a choice of 
475 mc as the operating frequency. 

The calculated losses of electrons due to the quantum 
induced synchronous oscillations are shown in Fig. 1. 
With a peak RF voltage of 6 mev per turn, less than 10 
per cent of the electrons will be lost before reaching 6 
bev. If the peak RF voltage is only 5 mev per turn, most 
of the electrons will be lost before reaching 6 bev. 

The design of the RF cavity is shown in Fig. 2. The 
cavity consists of two half-wave sections partially 
loaded with re-entrant drift tubes to reduce the transit 
time factor of the electrons traversing the cavity. Each 
cavity has an inductive aperture with a ceramic window 
for coupling to waveguide. There is also an inductive 
slot in the center wall for coupling the two half-sections 
of a single cavity. The shunt impedance of a single cav- 
ity is about 7.5 megohms and the Q is about 25,000. The 
peak power dissipated in the cavity is about 15 kw and 
the average power is about 2.2 kw. 

In order to supply the RF power to the separate cav- 
ities, it is proposed to couple the 16 cavities together by 
means of waveguide so as to form a closed ring. The 
dimensions of the waveguide are 9 inches X18 inches, 
and the length of waveguide between adjacent cavities 
is about 50 feet. 

The waveguide-cavity system will be a standing wave 
system with many separate modes. By operating at the 
frequency of the proper mode, the fields in the indi- 
vidual cavities will have the correct phase relationship 
to accelerate particles. 
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Fig. 1—Loss of particles due to quantum induced 
synchronous oscillations. 
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Fig. 2—RF cavity. 


The alternative to the strongly coupled system would 
be to supply the RF power individually to each cavity 
by means of a transmission line which is matched by the 
cavity. Since the Q of the cavity is about 25,000, it 
would be necessary to maintain the tuning of each indi- 
vidual cavity correct to an accuracy of about one part 
in 100,000. This accuracy would probably require an 
automatic system on each cavity to maintain the tuning 
by monitoring the reflected power. The automatic tun- 
ing system would be complicated by the effect of the 
circulating electron beam in the synchrotron, which 
would cause the reflected power to vary during the ac- 
celeration cycle. With the strongly coupled RF system, 
the tolerance on the accuracy of tuning of each cavity 
becomes much larger and it is not necessary to control 
the tuning of each cavity independently; but only to 
control the tuning of the system as a whole, which may 
be easily done by controlling the frequency. _ 


ANALYSIS OF STRONGLY COUPLED SYSTEM 


In order to analyze the performance of the strongly 
coupled system, the system is represented by a closed 
loop of transmission line, coupled to equally spaced 
resonant cavities as shown in Fig. 3. We assume that 
the coupling between the two sections of a single cavity 
is sufficiently large so that in the frequency region of 
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Fig. 3—Schematic representation of strongly 
coupled RF system. 


interest the cavity may be represented by a simple 
resonant circuit. The length of the transmission line is 
defined from the principal planes of the cavity. G is the 
normalized conductance of the cavity. y=a+i8 is the 
complex phase angle of the length of transmission line 
between cavities. 

In order to analyze the operation of the strongly 
coupled system, it is convenient to choose a number of 
normal spatial modes for the system equal to the num- 
ber of resonant cavities. The modes are defined so that 


Vp n+1 = Deer 
arp 
i, = — 
A 
or 
tp,n+1 = TO aks 


Vpn» Ip,n 1S the voltage or current generator at the nth 
cavity due to mode p. N=16 is the total number of 
cavities or modes. Only one mode will be effective in ac- 
celerating electrons. The voltages in the other modes 
result in increased power dissipation, as compared with 
an ideal system. 

A characteristic admittance may be defined for each 
mode for the ideal system. 
Cook 


p 


Up,n 


From the definition of the normal modes and the repre- 
sentation of the strongly coupled system, the char- 
acteristic admittance of the modes is calculated to be 


Aw ; 
VY, = G+ 2GQ — + 2 coth y — (e- + e%) csch y. 


wo 


For good performance of the system, it is desirable that 
the admittance of all the undesired modes be large 
compared with that of the proper mode, so that imper- 
fections in the system will not cause large voltages and 
power dissipation in the undesired modes. For this rea- 
son, the proper mode is chosen to be a nondegenerate 
mode with cos 6,= £1. For other modes there would be 
a degenerate mode with 6,.= —§p1, with equal admit- 
tance. We take the fundamental mode to be @,, = 0 in this 
analysis. By using the relation a<1, the admittance of 


the fundamental mode becomes 
C Aw 4; 2 sin B 
2 —— + 4; —___—__ 
“2 e 1-+ cosg 


a 
Var Gee eeace wo 
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In order to make the admittance of the undesired 
modes large, 6&1. Then the admittance of the funda- 


mental mode when the system is tuned to resonance 
becomes 


Yo = Go =Gta. 


The ratio a/G then represents the fractional increase in 
power required for the perfect strongly coupled system. 

The admittance of the undesired modes with the 
assumptions a<1, B&1, becomes 


4 sin? 
V,=Yo4 : ( 
> rie + sin? B - 

In order to determine the effect of imperfections on 
the strongly coupled system we analyze the effect of 
detuning a single cavity. If the changes in cavity volt- 
ages produced by the imperfection are small compared 
with the fundamental mode voltage, the result of the 
imperfection may be calculated as a first-order effect. 
The detuning of a single cavity may be considered 
equivalent to adding a current generator of [=iVo 
-2GQ(Aw/wo) at that cavity. This current generator at 
one cavity may be expressed as a combination of the 
normal modes of current generators applied to all 
cavities. 

The fundamental mode component of this current is 
i(Vo/N)-2GQ(Aw/wo). The effect of the detuning on the 
admittance of the fundamental mode can be eliminated 
by changing the resonant frequency of all the cavities 
by an amount —Aw/N, or by changing the frequency 
by an amount Aw/JN. 

The change in tuning of a single cavity also produces 
current generators in every undesired mode with a 
magnitude equal to (Vo/N)-2GO(Aw/a). The magni- 
tude of the voltage produced in an undesired mode is 
then 


i sin 8). 


The power dissipated in an undesired mode is 
1 ~\ Ga 
N WO Vee 


pe 


We make the assumption that axf<1. Then 


0 7] 
sin? — sin? - 
Vie ee ee forG <i 
sin B sin B 
6 
sin? — 
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The ratio of power dissipated in all the undesired modes, 
due to detuning of a single cavity, to the power dissi- 
pated in an ideal system is given by 
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The summation over p from 1 to 15 includes all the 
modes, except the fundamental mode with p=0. The 
summations are evaluated to be 


15 1 
Ds ip eearican 84.6 


and 


If all the cavities are detuned in a random manner by 
a rms amount Aw/wo, the power dissipated in the 
spurious modes will be increased by a factor of N. The 
fractional total increase in power dissipated in the 
strongly coupled system, including the power dissi- 
pated in the transmission line in the fundamental mode, 
is then given by 


AP r a Aw a G : 
peer (2 Q) — {345a + 1499G sin? B}. 
G 256 


The value of a for the waveguide transmission line be- 


tween adjacent cavities is about 0.004. Then 


APr 
ie 


0.004 Aw\? 
A ere + [0.0054G + 5.86(sin2 B)G?| (20 =) 


WO 


If we assume that we want to allow a rms detuning of 
the individual cavities by 10 half-bandwidths, and take 
sin 8=0.1, then the minimum increased power dissipa- 
tion occurs for G=0.06 and is equal to APr/P=0.12. 
The fractional power dissipation in the transmission 
lines for an ideal system with no cavity detunings is 
then 0.066. 

There will also be a possible mode in which the fields 
are zero in the cavities and all the energy is stored in 
the transmission lines. This mode will not be excited by 
detuning of the individual cavities, but may be excited 
by imperfections in the transmission lines. The worst 
possible case wouid be if an imperfection occurred at a 
point midway between a voltage maximum and current 
maximum for the fundamental mode on every trans- 
mission line. The admittance of this waveguide mode 
at this point is given approximately by Y,~228. An 
imperfection in the form of a susceptance of 7S at this 
point can be considered a current generator of magni- 
tude (Vo/+/2)S, which will produce a voltage in the 
waveguide mode of V»S/28. The power dissipated due 
to this mode will be 
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and, when expressed as a fraction of the power dissi- 
pated in the fundamental modes, is: 


INI? 9 Se a 
J? 46° G 


If we allow an imperfection which will produce a VSWR 
of 1.1 for the transmission line (S=0.1), and take 
6=0.1 as before, then 

Ne 1 


(84 
e016 
P 4G 


for a = 0.004, G = 0.06. 


The RF power is supplied to the standing-wave 
ring system from a power source in a central location 
by means of a transmission line which makes a matched 
junction with the ring at one point. For optimum opera- 
tion of the system, the junction should be at a cavity or 
approximately an integral number of half wavelengths 
from a cavity; which, in the strongly coupled system, is 
almost electrically equivalent to having the junction at 
the cavity. The effect of introducing power into the 
system at only one point may be analyzed in terms of 
power dissipation in the undesired modes, in a manner 
similar to the effect of detuning of cavities. With the 
junction at the optimum position, the waveguide mode 
will not be excited. The junction may be taken equiv- 
alent toa current generator of magnitude NGV at that 
point. This is equivalent to detuning a single cavity by 
an amount 2Q(Aw/wo)=N, and will then produce an 
increased power dissipation equal to that produced 
by detuning all the cavities by a rms amount 
2Q(Aw/wo) = N1/?. Since N = 16, this will then result in an 
increased power dissipation of 16 per cent of that pro- 
duced by the random detuning of all the cavities by a 
rms amount of 2Q(Aw/w») =10, which is about 1 per cent 
of the power dissipated in the fundamental mode. 

The power level in the waveguide transmission line 
may be calculated from the ratio of power dissipated in 
the waveguide to the power dissipated in the cavities. 
This ratio is given by 


AP 0.004 NG 0054 ( = 
= .0054( 20 —) and 
AP 
— = (0.10. 
12 


Since the voltage attenuation in the waveguide is 
0.004 nepers, this corresponds to a power flow in one 
direction of about 12.5 times the power dissipated in one 
cavity. From the previous values of 15 kw peak and 2.2 
kw average for the power dissipated in a single cavity, 
the corresponding power flow in the waveguide becomes 
187 kw peak and 27.5 kw average. Since the fields in 
the waveguide are more like standing wave fields, the 
maximum fields in the waveguide will correspond to 
power levels of twice the above values. These power 
levels in the waveguide will be somewhat further in- 
creased, due to the effect of the circulating electron 
beam in the synchrotron. 
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Model Studies of a Strongly Coupled Synchrotron 
RF System* 


A. E. BARRINGTON}, J. DEKLEVAf, anv J. R. REES+ 


Summary—The strongly coupled multicavity synchrotron RF 
system proposed for the 6-bev Cambridge Electron Accelerator 
operates at 475 Mc and, because of its large size, presents complex 
problems of assembly and tuning. To achieve a better understanding 
of the characteristics of the system, a scaled model operating at 9000 
Mc was constructed. The work was undertaken in two stages; first 
a simple single-cavity ring was studied and later a more complicated 
double-cavity ring. An account is given of the design of cavities and 
waveguide links of variable electrical length, and instrumentation 
devised for various measurements is described. This is followed by 
experimental data which were in good agreement with theoretical 
predictions. Recommendations arising from the model study for the 
assembly and tuning of the 475-Mc system are put forward. 


I. INTRODUCTION 


N ORDER TO gain practical experience on various 

problems arising from Robinson’s! proposal of the 

strongly coupled multicavity synchrotron RF 
system for the 6-bev Cambridge Electron Accelerator, 
it was decided to construct an X-band model. 

The behavior of a ring structure consisting of 16 
strongly coupled double cavities depends on 48 tuning 
adjustments: the resonant frequencies of each individual 
half-cavity and the electrical length of the waveguide 
links joining the double cavities. In order to obtain the 
desired mode of operation, a systematic tuning method 
must be established. The desired mode must be identi- 
fied by cavity voltage measurements, and observa- 
tions may then be made of the frequency separation be- 
tween neighboring modes and of the effects on the mode 
spectrum due to the deliberate detuning of individual 
components. It was considered feasible to obtain this 
information with a greatly reduced number of com- 
ponents; for geometrical simplicity a six-cavity struc- 
ture, intended solely for radio-frequency studies and not 
suitable for the acceleration of electrons, was chosen. 
It consisted of a hexagon whose sides were formed by 
waveguide sections of variable electrical length, with 
resonant cavities at the vertices. Power was fed to the 
structure though either a three-port cavity at one of the 
vertices or a T-junction in one of the waveguide links. 
The work was undertaken in two stages, first a simple 
single-cavity ring was studied and later a more com- 
plicated double-cavity ring. A diagram of the model 
assembly is shown in Fig. 1. 


* Received by the PGMTT, April 14, 1960; revised manuscript 
received, June 22, 1960. This work was carried out under AEC 
Contract AT(30-1)-1909. a5 

Ree Coaice: ae Accelerator, Harvard University, Cam- 
Pe aaa. “Radio-frequency system of the Cambridge 
Electron Accelerator,” this issue, p. 593. 


II. DESIGN OF COMPONENTS AND MEASURING 
EQUIPMENT 


In order to obtain an axial accelerating field in the 
synchrotron cavities, the TM 10 mode is excited and this 
was also the mode chosen for the individual model 
cavities. Fig. 2 shows a single cavity. The height of the 
cavity was chosen to avoid excitation of the unwanted 
TE: mode. For tuning, a polystyrene rod, mounted on 
a micrometer head, was inserted through a + inch di- 
ameter central hole in the top of each cavity. This 
resulted in a linear tuning range of about +13 per cent 
around the center frequency. The cavities were con- 
structed of triangular blocks of brass. Unloaded Q- 


| 
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Fig. 1—Model assembly. 


\ 
\ 


INGEN 


Wwes* VAR 


Poa 
WY, 


Fig. 2—Single cavity, construction. 
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values of more than 3000 were obtained with the single 
cavities and of nearly 4000 with the double cavities as 
shown in Fig. 3, where the dividing diaphragm between 
the chambers was made of copper. 

An overcoupled double cavity is characterized by two 
resonant modes which occur at frequencies where the 
individual cavity voltages are either in phase or in anti- 
phase; 7.e., the 0 mode and a mode. For scaling purposes 
a coupling factor f,/Af was defined where f, is the 
mw-mode resonant frequency and Af is the frequency 
separation between the 0 mode and the a mode. 
For the coupling factor to be equal to that in the 475- 
Me synchrotron cavities, namely 200, Af equaled 44 
Me in the X-band model. Owing to manufacturing dif- 
ficulties it was not possible to reproduce this coupling 
factor consistently with two magnetic coupling slots; 
however, good reproducibility was obtained by chang- 
ing from magnetic to electric coupling through a central 
1 inch-diameter coupling hole, and this coupling scheme 
was adopted. The change from magnetic to electric 
intracavity coupling caused a frequency reversal of the 
0 mode and the 7 mode, the 7 mode being the higher 
frequency resonance of the electrically coupled pair. 

In order to obtain a satisfactory frequency separation 
between the desired and adjacent modes of the synchro- 
tron ring, a quantity 1/GZ» equal to 17 was specified by 


Fig. 3—Double cavity, construction. 
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Robinson,! where G is the shunt conductance of a cavity 
represented as a parallel resonant circuit shunted across 
a waveguide of characteristic impedance Zo. For a cav- 
ity with two matched waveguide terminations, this 
corresponds to a ratio of unloaded to loaded Q-values 
equal to 35. In view of the difficulties involved in meas- 
ing Q-values less than 300 to a reasonable degree of 
accuracy with the available test equipment, 300 was 
accepted for the loaded Q-value of both single and 
double cavities. This corresponds to a value of 1/GZ, 
approximately equal to 5. 

The single cavities were tuned by terminating both 
coupling holes by matched waveguides and observing 
the resonant frequency as a function of the depth of 
penetration of the dielectric tuning rods. This tuning 
method was not sufficiently accurate for the double 
cavities, since the frequency response of the cavities 
loaded by matched waveguides was much broader than 
in the ring structure where the cavities operate under 
essentially unloaded conditions. A different tuning 
technique had to be devised in which the cavities were 
terminated in shorted quarter-wave waveguides so that 
they were unloaded and their sharpness of tuning was 
preserved. The details of this procedure are discussed 
in Section ITI. 

For maximum flexibility the electrical length of the 
waveguide links joining adjacent cavities was designed 
for a possible variation exceeding one guide wavelength. 
For this purpose, a phase shifter was scaled from a 
Radiation Laboratory design,? where a polystyrene vane 
supported by three correctly spaced metal rods, to 
achieve cancellation of reflections, could be moved 
laterally across the interior of the waveguide. At the 
desired frequency, a vane length of 8 inches gave a 
phase shift of more than 360°; the voltage standing wave 
ratio as a function of vane position over the frequency 
band from 8500 Mc to 9500 Mc did not exceed 1.13. The 
Q-value of the dielectric loaded section was of the order 
of 6000 and, within the limits of accuracy of the Q- 
measuring apparatus, was the same as that of empty 
copper waveguide. 

The frequency response of all components as well as 
of the assembled resonant ring was measured by means 
of a reflectometer where the incident power from a fre- 
quency-modulated klystron and the power reflected by 
the component under test were displayed simultane- 
ously on an oscilloscope. 

An important feature in studying the behavior of the 
double cavities and the ring structure was the measure- 
ment of RF phase. The scheme adopted is shown in 
Fig. 4, where two signals whose relative phase is to be 
measured are introduced into a calibrated slotted line 
which is terminated by matched attenuators. The 
superposition of the signals results in a standing wave 


7G. L. Ragan, “Microwave Transmission Circuits.” w- 
Hill Book’ Co., Inc., New York N.'¥., p. 516; 1948.) So 
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pattern, the position of which depends on the relative 
phase angle. If the position of the standing wave 
minimum for in-phase signals is taken as the reference 
phase, then for a phase angle ¢, the minimum will move 
to a new position at a distance (Ag/2) (¢/360). The 
slotted line with its flexible cable connections was cali- 
brated by establishing a minimum position correspond- 
ing to a relative phase of 0° with two identical signals 
obtained from a single cavity with three identical cou- 
pling holes as shown. Although the accuracy of the 
method was greatest with signals of equal amplitude 
where the position of a standing wave minimum could 
be measured with great precision, it was possible to 
make measurements with signals of arbitrary magni- 
tude. 


Ill. TUNING PROCEDURE OF THE RING STRUCTURE 


In order to establish the correct electrical length of 
the waveguide links, a precise determination of the 
cavity planes is required. Near the resonant frequency, 
a two-port cavity may be represented by a _ four- 
terminal network as shown in Fig. 5, where the effect of 
the coupling holes is represented by lumped reactances 
X. If the cavity is excited through one port and con- 
nected to an adjustable short-circuited waveguide 
through the other port, it is possible to determine the 
equivalent electrical length of the combination of 
lumped reactance X and shorted line by monitoring the 
cavity voltage as the line length is varied. For constant 
input power the cavity voltage will change from a 
maximum to a minimum as the equivalent line length 
is changed. In practice, it was difficult to observe the 
maximum where the cavity voltage was not sentitive to 
changes of line length, but deep minima were obtained. 
If X is small, the effective cavity plane a-b may then 
be taken to be one-half guide wavelength from the face 
of the shorting plunger. 


SIGNAL IN 


RF CAVITY 


DETECTOR 
Fig. 4—-Calibration of slotted-line phasemeter. 
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It was first required to ascertain the distance between 
the effective plane of the shorting plunger and its flange 
from a slotted-line measurement. The cavity whose 
effective plane was to be measured was then connected 
as shown in Fig. 6. The minimum cavity voltage corre- 
sponded to a position of the shorting plunger approxi- 
mately one-half guide wavelength from the inner 
cavity wall. This result was confirmed with a slotted- 
line measurement. The data obtained were in good 
agreement for the two sets of six cavities. 

Regarding the tuning of the double cavities, it can 
be shown that in the desired mode of operation of the 
ring structure, a voltage minimum exists in the ring ata 
distance of approximately one-quarter of a guide wave- 
length from the plane were a half-cavity may be repre- 


~ sented by an equivalent lumped parallel resonant cir- 


cuit. If the circuit is considered to be lossless, the stand- 
ing wave pattern in the ring remains theoretically un- 
disturbed by inserting a metal wall into the waveguide 
at this point. If the position of the effective cavity 
plane is known, this condition may be simulated by 
means of two adjustable shorting plungers in waveguide 
arms connected to the coupling holes of the individual 
half-cavities. In the experiment, the plungers were 
adjusted to one-quarter guide wavelength from the ef- 
fective cavity planes; each half-cavity was provided 
with two small coupling holes such that power could be 
fed through one and the cavity voltage could be moni- 
tored through the other. The tuning procedure _ con- 
sisted of feeding power at the desired frequency into one 
of the half-cavities, displaying both half-cavity voltages 
simultaneously and recording the position of the tuning 
rods for equal voltage maxima. 

The electrical length of the waveguide links joining 


b 


Fig. 5—Equivalent circuit of two-port cavity. 
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Fig. 6—Determination of cavity plane. 
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adjacent cavities was chosen to be about 183 guide 
wavelengths, approximately the same as the electrical 
distance between cavities in the synchrotron ring. By 
means of the phase shifters described previously, this 
quantity could be varied over a range of over 360°. In 
order to obtain the optimum frequency spacing between 
the desired fundamental mode and the resonant fre- 
quencies of the other, nonaccelerating modes, an elec- 
trical length of the waveguide links was specified dif- 
fering from an integral number of half wavelengths by a 
small angle 6. The method used for adjusting the links 
to the required electrical length was as follows: A 
typical link consisted of two empty sections, 14.42 
inches long, mounted on either side of a phase shifter, 
8.5 inches long, giving a total length of 37.34 inches, 
corresponding to 183 guide wavelengths in empty guide 
at 8700. Mc. The link was terminated at one end witha 
thin copper diaphragm containing a small coupling 
hole and at the other with an adjustable short circuit. 
The position of the shorting plunger, when it produced 
an electrical short circuit at its flange face, was desig- 
nated the “0” position. For a positive angle 6 and a dis- 
tance d of the effective cavity plane from the face of the 
cavity, the plunger was set at “0” +2d+6),/360 inches. 
The resonant frequency of the structure fed as a resona- 
tor through the small coupling hole was adjusted to the 
ring operating frequency. 

For a phase shift range over 360°, resonant positions 
were found corresponding to phase shifts from flange to 
flange of approximately 0° or 180°. The link was then 
connected between two cavities, one of which was ter- 
minated by a matched load and the other was driven by 
the generator. The desired position of the phase shifter 
was identified by a phase measurement of the cavity 
voltages. This procedure was adequate for the single- 
cavity ring. In the double-cavity case where cavity 
tuning was more sensitive and complicated, the follow- 
ing scheme was adopted: Each cavity was tuned in- 
dividually by means of quarter-wave plungers, a link 
was then tuned to the desired length and connected 
between two cavities. The frequency at which the cor- 
rect phase relation between cavities obtained was now 
different from the resonant frequency of individual 
cavities. All other links, when terminated by two tuned 
cavities and adjusted to this new frequency, were then 
of the correct electrical length. The two frequencies 
were identical only when 6 was equal to zero. 


Regarding the tuning of the input link, a T-junction: 


may be represented at a fixed frequency by the equiv- 
alent circuit shown in Fig. 7. If phase shifters are in- 
cluded in arms I and II of the T and these are ter- 
minated by a diaphragm containing a small coupling 
hole and an adjustable short circuit, respectively, at a 
given frequency the phase shifters can be adjusted such 
that maximum power may be coupled into arm I while 
essentially no power is coupled into arm III. Under this 
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condition the link is an integral number of half-wave- 
lengths long and, of course, power fed through arm Tit 
then divides symmetrically into arms I and II, if these 
are terminated identically. In order to simulate the cav- 
ity planes, arm I was lengthened by a shim of the ap- 
propriate thickness and arm II was suitably compen- 
sated by adjusting the micrometer setting of the ad- 
justable short. Two cases were of interest, 1) where 
arms I and II were equal and 2) where their electrical 
lengths differed by one-half guide wavelength, corre- 
sponding to 0° and 180° excitation, respectively. Reso- 
nance of the link in the desired mode pattern was then 
indicated by a deep null on the detector output meter 
in arm III and by minimum reflection from arm I. 


IV. EXPERIMENTAL RESULTS 


The characteristics of the ring structure can be com- 
puted by means of a matrix formulation (see Appendix). 


Xa Xa 


Fig. 7—Equivalent circuit of T junction. 


Fig. 8—Equivalent circuit of double cavity (upper diagram), and 
single cavity representation at either resonance (lower diagram). 
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Fig. 9—Amplitude distribution of modal cavity voltages 
(cavity-fed single-cavity ring). 
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Fig. 10—Amplitude distribution of modal cavity voltages 
(T-fed single-cavity ring). 


Since the cavities are strongly coupled, a double cavity 
at either of its resonances may be represented by a single 
cavity (Fig. 8). This simplifies the analysis considerably 
and enables one to obtain the characteristics of the 
system by means of a hand calculation. For this reason, 
the first set of experiments was carried out with a sys- 
tem consisting of single cavities. In order to reduce the 
number of variables, the ring was initially fed through a 
three-port cavity with identical coupling holes. 

At resonance, the phase shift, ¢, between adjacent 
cavities 1s limited to values of ¢ equal to 0, 7/3, 27/3, =, 
4/3, Sr/3 radians. Pairs of degenerate modes occur at 
some frequencies and their amplitudes add. The ampli- 
tude distribution of the modal voltages depends on the 
location where power is fed into the system. For the 
cavity-fed ring, the theoretical amplitude distribution 
of the cavity voltages is shown in Fig. 9. For con- 
venience, the mode with ¢=0, where all cavities oscil- 
late in phase, was chosen as the operating mode. Simi- 
larly, for the T-fed ring the cavity voltages vary ac- 
cording to Fig. 10, where it is seen from symmetry con- 
siderations that the mode with ¢=7 cannot be excited. 

A typical mode-pattern obtained in terms of power 
reflected from the input of the ring as a function of fre- 
quency is shown in Fig. 11(a); two sets of modes appear 
on either side of the operating mode (¢=0) resonance. 
For comparison, the theoretical modal frequencies are 
indicated in terms of frequency separation from the de- 
sired ¢=0 mode in Fig. 11(b). 

A mode corresponding to the resonant frequency of 
the waveguide link, the “waveguide-mode” (WG), was 
calculated to be separated from the operating mode by 
6 Mc. This was confirmed experimentally; this mode 
was unaffected by a detuning of the cavities but was 
greatly influenced by the individual phase shifters. 
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Fig. 11—(a) Experimental resonance pattern of single-cavity ring. 
(b) Theoretical modal resonances of single-cavity ring. =fre- 
quency separation in cavity bandwidths from the operating 
(¢=0) mode. 
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The calculated and measured modal resonant fre- 
quencies are shown in Table I; the amplitude distribu- 
tion of cavity voltages in decibels for both cavity-fed 
and T-fed rings is given in Table II, the maximum 
deviation from the mean being 0.73 db for the cavity- 
fed ring and 0.75 db for the T-fed ring in the desired 
¢=0 resonance. In view of the fact that the position of 
the dielectric vane in the phase shifters was not the 
same in the six links, resulting in a variation of the dis- 
persion from link to link, the discrepancy between ex- 
perimental and theoretical data regarding the other 
modes was surprisingly small. 

A change of the resonant frequency Af of a single 
cavity was shown by Robinson! to produce a corre- 
sponding change Af/N in the resonant frequency of a 
ring consisting of N cavities. This was confirmed ex- 
perimentally for the operating mode of the T-fed ring, 
where cavity no. 1 was detuned in three steps to a 
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maximum of 44 Mc. The change of the operating mode 
frequency under this condition was 7 Mc. The amplitude 
distribution of the cavity voltages for the three changes 
of no. 1 cavity resonant frequency is shown in Table III. 

Since the synchrotron ring is required to operate in 
the w-a mode (180° phase difference between succes- 
sive half-cavities), this was the mode most thoroughly 
investigated with the double-cavity ring. As in the 
single-cavity experiments, power was fed into the ring 
through either a cavity or a T-junction. The results of 
amplitude-distribution measurements and detuning ex- 
periments are summarized in Tables IV and V, from 
which it is seen that the behavior of the ring was es- 
sentially the same as that of the single-cavity structure. 
Apart from the desired fundamental mode, it was not 
possible to identify the resonant modes by their ampli- 
tude distributions. This was probably due to mechanical 
imperfections of the double cavities, particularly to ran- 


TABLE I TABLE IV 
FREQUENCIES OF MODAL RESONANCES AMPLITUDE DISTRIBUTION OF 2-7 MODE CAVITY VOLTAGES, 
INITIAL Cavity TUNING 8852 Mc 
Modal resonance @ Resonant frequency (Mc) 
Resonant frequency of 
Calculated Measured cavity no. 5 
0 8698.8 8700 
Decreased by Increased by 
a/3 8710.4, 8681.7 8711, 8684 Double Cavity | ,. 17 Mc 6.5 Mc 
Qa /3 8722.0, 8670.4 8722, 8675 No. Upper | Lower 
T 8726.4, 8666.4 8726, 8670 Upper | Lower | Upper | Lower 
ile 
2 —2.0 | —1.2 | —3.3 | —4.2 | —2.3 |] —1.2 
TABLE II 3 1.6 1.8 25 4.0} —1.4 | —1.8 
4 —1.7 | —2.4 0 —2.0 0 —2.0 
A a 2 . 
MPLITUDE Dyes ton oF Cavity VOLTAGES ; 76 29 0.2 0 4.4) S68 
=—1.9 } —2.8 | =—3.3-), —0.24) = 4502 
Modal resonances OS 
Modal resonant decreased by increased by 
S10 o=r/3 b=2r/3 frequency Page 2-Met, 4 approx. 3 Mc 
Cavity | Cavity- | Tee- Cavity- Maximum devi- 
No. fed* fed fed* Tee-fed Teeted ation from mean, 0.8 DAD: tS 
= db 
1 _ 0 — Ona) —6.0 (—6) 
; EY fe ra on - Bees iS; 20 ) a ‘ ee * Cavity-fed ring, no provision for voltage monitoring of feed 
4 Goins ‘a (0) Ts (0) —5.6 (6) cavity. Surplus electrical length of waveguide link 6=0. Cavity 
5 Fae el) eG (6) 9°38 es 10 (0) voltages in decibels, reference level 0 decibels. 
6 —0.60 | —1.0 | —5.0(—6)| — 2.8 (0) —3.5 (—6) 
Cavity voltages in decibels—reference level 0 decibels ees 
AMPLITUDE DISTRIBUTION OF 7-7 MopE Cavity VOLTAGES FOR 


* No provision for voltage monitoring of feed-cavity. Bracketed 
figures are theoretical values. 


Two VALUES OF SURPLUS ELECTRICAL LENGTH 56 
OF WAVEGUIDE LINK 


Surplus electrical length of waveguide link 
TABLE III - 
AMPLITUDE DISTRIBUTION OF OPERATING-MopE Cavity VOLTAGES ee Cavity vider Nes 
(RESONANT FREQUENCY OF Cavity No. 1 DECREASING) 0. Upper Lower Upper oven 
Resonant frequency of cavity no. 1 decreased by a=. ss aa ae 
. 2 ied OES —1..0 —2.4 
Cavity No. 0 Mc 14.6 Mc 29.2 Mc 44 Mc 3 0 0 —0.8 —1.6 
4 0 —0.4 0 —1.6 
1 0 0.1 —1.8 —3.9 5 —0.8 0 = 126 aie! 
2 —2.2 —2.2 —3.7 —4.8 6 0.5 0 U6 = ile i 
3 —1.2 —1.4 —2.8 —3.0 
4 —1.6 =2.0 78 =3..0 Maximum devi- 
5 i) = hel ied LG ation from mean, 0.65 1, 
6 —0.6 04 ies =27 b 
Cavity voltages in decibels—reference level 0 decibel 


* Cavity-fed ring, no provision for voltage monitoring of feed 
cavity. Cavity voltages in decibels, reference level 0 decibels. 
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dom distortions of the copper diaphragm forming the 
separating wall. It was possible, however, to compare 
experimental results with theoretical predictions of the 
mode spectrum by means of phase measurements. The 
computation of the modal resonances in this case was 
carried out on a digital computer. Both experimental 
and theoretical data are shown in Fig. 12. The results 
are plotted in terms of frequency separation from the 
desired ¢=180° mode as a function of the electrical 
length of the waveguide links around an odd integral 
number of half wavelengths. As in the single cavity 
case, the waveguide mode was identified by its sensitiv- 
ity to changes in phase shifter setting. It was not possi- 
ble to detune any double cavity by more than 5 band- 
widths without seriously disturbing the mode pattern. 


pleats ie 10°- 8° -6°=4F = 2° O° 2° 4° 


62S OC 2 2a ace 5 


Fig. 12—Experimental! and theoretical modal resonances of double- 
cavity ring. 2=frequency separation in cavity bandwidths from 
the operating (¢ = 180°) mode; 6 = excess electrical length of wave- 
guide links over nearest integral number of half-wavelengths. 


V. CONCLUSIONS 


The experiments described essentially confirm the 
theoretical predictions regarding the ring structure and 
demonstrate its feasibility for accelerating purposes. 

However, considering the mechanical complexity of 
the synchrotron ring whose average radius is 118 feet, 
it is desirable that individual components can be tuned 
without removal from the ring. From the model inves- 
tigation of the double-cavity tuning which required 
quarter wavelength shorts to simulate the unloaded 
conditions of the cavities, a method has been devised to 
accomplish this. 

The scheme involves shorting the waveguide link 
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joining two cavities, which is approximately 50 feet 
long, at appropriate positions by means of resonant 
posts and it depends ultimately on the reflection co- 
efficient of the posts. An experimental post has been 
built for operation in 18-inchX9-inch waveguide at 
475 Mc, anda VSWR of better than 40 db was obtained. 
For tuning of the cavities or of the waveguide links, the 
posts will be placed at an odd-integral number of 
quarter wavelengths from the effective cavity planes; 
the cavities and waveguide links will then be adjusted 
as required with a low-power signal. Once the compo- 
nents are tuned, the posts are withdrawn from the guide. 

It is proposed to equip all waveguide sections with 
such posts, mounted on sliding carriages in order to 
adjust their position. The tuning procedure will other- 
wise be identical with that outlined in the paper. 


APPENDIX 


One of the most important sets of parameters charac- 
terizing the strongly coupled multicavity RF system is 
its group of resonant frequencies in the desired fre- 
quency range. These frequencies are intimately related 
to the circuit parameters in theory, and they are 
readily available as experimental data. 

Since the RF system under investigation is a high-Q 
circuit, the resonant frequencies will not be affected 
greatly by circuit losses. Consequently, the frequency 
spectrum may be calculated from an eigenvalue formu- 
lation.’ 

Consider the resonant ring circuit from which the 
losses and the input junction have been deleted. The 
circuit has no terminals. Suppose, now, that the ring is 
broken at some point in the circuit so that a two- 
terminal-pair network is produced. This circuit is 
described by a matrix of general circuit parameters? re- 
lating the voltage and current at the terminals on one 
side of the network to the voltage and current at the 
terminals on the other side. The matrix elements are 
functions of the frequency and the resonances occur 
at frequencies where the voltage and current at one 
port are reproduced at the other port. 

If the ring consists of 7 identical cells, each of which 
is itself symmetrical, then the matrix for a cell may be 


es p b ) 
m= : 
C cos } 


and the matrix of the opened ring, 


b sin V¢/sin *) 


cos V@ 


written, 


( cos No 
i 
c sin Vq/sin 


the elements 6 and c are imaginary because of conserva- 
tion of energy. 


3G. B. Collins, “Microwave Magnetrons,” McGraw-Hill Book 
Co., Inc., New York, N. Y., p. 123; 1948. j 

4 “Reference Data for Radio Engineers,” International Telephone 
and Telegraph Corp., New York, N. Y., 4th ed., p. 143; 1956. 
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The general eigenvalue problem may be expressed 
as My=)dy, where y is the voltage-current eigenvector 
and XQ is the eigenvalue. For resonance, \=1 and hence 
cos N@=1, from which @¢=2r(n/.N) (n=0, 1,2,--°, 
N—1). 

The elementary cell for the single-cavity ring may be 
chosen in two ways, as shown in Fig. 13. 

With either choice, 


cos B — GZ_,Q sin 8 = cos ¢ 


yields the resonant frequencies. A graphical solution 
using the parameters of the model: 


@ = 2x X 8.7 X 10° radians/sec, 


Q = QAw/a, 
1/GZo = SF, 
B(wo) = 367 + 0.2 radians, 


yields the spectrum in the neighborhood of the funda- 
mental mode as shown in Fig. 11(b). 

The elementary cell network for the double-cavity 
ring is shown in Fig. 14. 

The equation for the resonant frequencies in this case 


is: 
GZy ) 
Q 
SZo 


cos a(1 _— 


p= lan) Nw = 0, 12a 
Q = QAw/w, 

Bo(1 + 24/0), 

1 + (Ago/Ac)” = (Ago/A)?, 


Ago = guide wavelength at wo, 


anes 1); 


$e 
> 2 
loll 


A. = cutoff wavelength, 


1/2X, where X is the coupling reactance. 
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WOR Ae 
Aw= W-w, 


Fig. 13—Elementary cell representations of single-cavity ring. 


iX cx 


Fig. 14—Elementary cell representation of double-cavity ring. 


This equation was solved on the Harvard Univac 
Electronic Computer and the results are plotted in Fig. 
12 for the parameters of the model: 


1/GZo = 4.87, 
SZy = 2.5, 
O = 4033, 
Bo = 37r +8, 


A/Q = 0.000563. 
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Operation of the Field Displacement Isolator 
in Rectangular Waveguide* 


R. L. COMSTOCK}, sruDeNntT MEMBER, TRE, AND C. E. FAYT, FELLOW, IRE 


Summary—A field displacement isolator in WR-159 rectangular 
waveguide consisting of a full height ferrite slab having a resistive 
film on one face is treated analytically. The resultant transcendental 
equation was programmed for a computer and values of the propaga- 
tion constant found in the frequency range 5.90 to 6.45 kMc for vari- 
ous film resistivities. Two TE modes are found to exist whose relative 
behavior depends on the resistivity of the film. 

Reasonably close experimental verification of the results was ob- 
tained for the total attenuation and for the predicted E-field distribu- 
tions by E-field probe tests. Additional attenuation above that pre- 
dicted by the theory for a single mode is observed as a result of an 
interference at the end of the ferrite. 

A partial height ferrite slab isolator was subjected to E-field probe 
tests. The field distributions were found to be similar to the full 
height case. Here, also, additional attenuation is obtained at some 
frequencies as a result of an interference. 


INTRODUCTION 
‘4 Y HE field displacement isolator has proved to be a 


valuable device in microwave transmission sys- 

tems where low attenuation in the forward direc- 
tion of transmission and high attenuation in the reverse 
direction are desired. In rectangular waveguide it has 
usually taken the form of an off-center slab of ferrite 
having a resistance sheet on the side nearer the center 
of the waveguide as shown in Fig. 1(a). The best per- 
formance so far has been obtained with “partial height” 
ferrites, where there is an air gap between all faces of 
the ferrite and the waveguide walls [Fig. 1(b)]. 

This type of isolator has been made to have reverse 
to forward attenuation ratios as high as 150 to 1 db 
over an 8 per cent bandwidth at 6 kMc. Such a device 
was first described by Fox, Miller, and Weiss.’ A more 
complete treatment was given by Weisbaum and Seidel.’ 
More recently, Button’ has given an analysis which is 
quite useful in a preliminary determination of the 
thickness of the ferrite slab and its spacing from the 
sidewall for the “full height” case of Fig. 1(a). Other 
authors have treated the problem of propagation in 
ferrite-loaded waveguide but none has, to the best of 
our knowledge, considered the case of the field displace- 
ment isolator with resistance sheet, or the case of the 
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: 5.90 TO 6.45 KMC 


S/n ne 
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Fig. 1—Field displacement isolator configurations and dimensions. 
(a) Full height isolator. (b) Partial height isolator. 


“partial height” ferrite. The “partial height” case 
would be very difficult to treat analytically. 

W. J. Crowe* has calculated modes in ferrite-loaded 
rectangular waveguide with consideration of the effect 
of magnetic losses in the ferrite. We have treated a simi- 
lar problem in which magnetic loss is neglected and a 
resistive sheet is introduced on the face of the ferrite. 

Analysis of the “full height” case in WR-159 wave- 
guide has been carried out for different loss film resis- 
tivities over the 500-Mc frequency band centered at 
6.175 kMc. 

The experimental work has consisted of measurement 
of attenuation and electric field patterns of isolators of 
both “full height” and “partial height” configurations. 
A quite powerful experimental tool for this work is the 
E-field probe. One of the authors’ had considerable ex- 
perience in its use prior to this work. More recently, 
other papers dealing with field probe experiments on 
ferrite-loaded waveguide have appeared.®:7 One of these? 


4W. J. Crowe, “Behavior of TE modes in ferrite loaded rectangu- 
lar waveguide in the region of ferromagnetic resonance,” J. Appl. 
Phys., vol. 29, pp. 397-398; March, 1958. 

5 R. L. Comstock, D. J. Angelakos and A. Johnson, “Determina- 
tion of Fields in Ferrite Loaded Waveguide,” University of Cali- 
fornia, Berkeley, Engrg. Res. Ser. No. 60, Issue No. 186; July 16, 
1957. 

6 [P. J. Angelakos, “Transverse electric field distributions in ferrite 
loaded waveguides,” IRE Trans. on Microwave THEORY AND 
TECHNIQUES, vol. MTT-7, pp. 390-391; July, 1959. 

7T. M. Straus, “Field Displacement Effect in Dielectric and 
Ferrite Loaded Waveguides,” 1958 IRE WESCON ConveNnTION 
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gives some data on a field displacement isolator which 
are qualitatively consistent with some of our results. 

The ferrite used in this experimental work was Gen- 
eral Ceramics Corporation’s Ferramic R1, a magnesium 
manganese ferrite having a saturation magnetization of 
2175 gauss. This had been found to make good isolators 
at 6 kMc. In preliminary experiments the thickness of 
the ferrite slab and its position in the waveguide had 
been varied until a situation was achieved where the 
minimum forward loss and a reasonably high reverse 
loss occurred at the same applied biasing field at a 
frequency of 6.175 kMc. This was done to provide a 
starting point for theoretical and experimental work 
which would be near a useful operating condition. The 
dimensions chosen for the ferrite bar were:length 5 
inches, width 0.795 inch (equal to the narrow dimension 
of the waveguide), thickness 0.120 inch. 

The waveguide used was WR-159 rectangular wave- 
guide having transverse internal dimensions 1.590 inches 
by 0.795 inch, and the spacing of the ferrite from the 
waveguide sidewall was 0.065 inch. 


THEORETICAL CONSIDERATIONS 
The Boundary Value Problem 


It is desired to find the solution to the boundary 
value problem of a lossless ferrite slab, with a resistance 
sheet on one face, in rectangular TE mode waveguide 
[Fig. 1(a)]. The electric fields in the three regions shown 
in the figure are given by the following expressions: 


Region Electric Field 
I 8 == (Oe 
II E, = [Betm= + @,-ikme]e-ry 
III E, = Dsin [&a(L — x) |et# 


where [=a+ 6 is the complex propagation constant. 
The transverse wave numbers are: 


Region Transverse Wave Number 
1, U1 ke = A/— +7 
C2 
SS ae 
Tet ee 
Ge 


where € is the relative dielectric constant and yp, is the 
effective permeability, or w.=(u?—k?)/u, in which p 
and k are the diagonal and off-diagonal components of 
the Polder tensor* which describes the ferrite permeabil- 
ity. To evaluate I’ it is not necessary to solve the 
boundary value problem completely and evaluate the 
constants @, @, © and ®. H. Seidel® has developed a 


8 D. Polder, “On the theory of ferromagnetic re ” Phi 
Mag.. vol 40, PP. Osis janine do400, | Bare ges. 
. Seidel, “Ferrite slabs in transverse electric mode waveguide.” 

J. Appl. Phys., vol. 28, pp. 218-226; February, 1957. pare 
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method for the determination of I for structures of this 
type. Briefly, the method consists in representing the 
ferrite slab, resistance sheet, empty waveguide and 
any other region in the laminated waveguide cross- 
section by a transverse matrix operator. The particular 
operator chosen was the ABCD matrix which transfers 


the vector 
a 
H, 


from one vertical longitudinal plane to another, 7.e., 
Eeledie all] 
Hy lisp eGo Duleayal 
where subscripts 1 and 2 denote longitudinal planes in 
the waveguide. 

Once the operators for each region are determined, 
they are multiplied to give an over-all matrix for the 
structure. From the above relation we _ obtain 
E,,=AE,,+BH,,. If we choose planes 1 and 2 to be the 
waveguide sidewalls, then #.,=E,,=0. This requires 
that B=0. Putting B=O results in a transcendental 
equation from which the propagation constant I’ can be 
found as will be shown. 


The relation involving the individual operators is as 
follows: 


E cos ® 


z 


j sin ® ie OE8 


1 
Hy jsin® cos® =) 1 
- ifs 


sheet 


(region I) Gos) 


cos #6 — y sin @ j& sin 6 
} a 
re a) oe cos @ + ysin 6 


(ferrite—region II) 


cosw jsiny E, 
[, sinw cosy llaeala (1) 
(region IIT) 
where: 
© = kwa 
6 = Rnb 
Wi = ReG 
=D. 
y= 
MR 
ers 
Rm 
pis: Rska 
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Performing the indicated multiplication and setting the 
B term of the over-all matrix equal to zero results in the 
following equation: 


: jsinW sin ® 
sin (y + &) + ——____ 


+ ytan of sin (@—y) — - sin y sin 2| 
Is : 
+ tan 6} ¢cosycos + oe sin ® 


sin ® sin y 


= (14 r) | =0. (2) 


- 


$ 


An IBM 704 electronic data processing machine was 
used to find the roots of (2). 


Solutions of the Characteristic Equation 


The first set of solutions of (2) was obtained for the 
case studied by Button,’ that is, with no resistance 
sheet (Rs= ~). The ferrite and its position in the wave- 
guide used in the calculations are described in the 
introduction and all calculations use the parameters 
given there. The solutions for this case are shown by the 
solid curves in Fig. 2. The propagation constants B+ 
and 8— are given as functions of the internal applied 
biasing field, Hu, for a frequency of 6.175 kMc. It is 
seen that there are two propagating modes. The one 
labeled “TE,” is the dominant mode and is the one 
discussed by Button and others. When HH, is less than 
215 oersteds, another mode labeled “TE29” can propa- 
gate. These modes have the general properties of their 
empty waveguide equivalents but are in this case dis- 
torted by the asymmetrically placed ferrite slab. The 
quotation marks are used to indicate the distorted 
modes in the ferrite-loaded waveguide as distinguished 
from the empty waveguide modes of similar designa- 
tion. It should be noted that the problem of determin- 
ing the proportion of the energy scattered into each of 
these modes was not attempted. However, experimental 
work has shown that generally both will be excited in 
significant amounts. As soon as appreciable loss is 
introduced, the situation in regard to TE changes 
markedly. The dotted curve of Fig. 2 shows that with 
Rg of 5000 ohms per square, a relatively high value, the 
TE.) mode can now propagate over the entire range 
of applied field shown. The solutions for the “forward” 
direction (8+) are seen to remain essentially independ- 
ent of H, over the interval shown, a conclusion also 
reached by Weisbaum and Seidel.? These solutions cor- 
respond closely to the value of 8 (and hence hq) re- 
quired by kaa =7 for the condition that the electric field 
is zero at the face of the ferrite. The computed value of 
H, which results in a true null at the face of the ferrite 
for this frequency is 440 oersteds (internal biasing field). 

Fig. 3 is a plot of solutions to (2) for a large range of 
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Fig. 2—Propagation constants for ferrite slab-loaded 
waveguide of Fig. 1(a). 
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Fig, 3—Propagation constants for “reverse” direction with re- 
sistive sheet of the configuration shown in Fig. 1(a). 


resistivities of the loss film. Values of a and 6 are shown 
for a biasing field of 440 oersteds and a frequency of 
6.175 kMc. These are for the “reverse” or high attenua- 
tion direction of propagation under the same conditions 
that produced the null at the face of the ferrite and 
hence theoretically no loss for the “forward” direction. 
For extremely low values of Rs the TE; ) mode is highly 
attenuated and all propagation is in the TE) mode or 
possibly higher modes. For Rs=0 the system is just 
a waveguide of width a (Fig. 1), and is reciprocal. For 
all values of Rs, at least one of the modes propagates 
with a value of a<8.6 db per inch (Fig. 3). This then 
represents the maximum attenuation to be expected 
for this bias and frequency since, as will be shown in the 
experimental results, the energy seems to propagate 
principally in the mode with the lowest loss. 

Fig. 4 is a plot in the complex I plane of solution 
curves with frequency as a parameter. The solutions 
are given for three representative values of resistivity: 
Rs =670, 1000 and 2500 ohms per square. Several things 
should be noted about the character of these solutions. 
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First, in contrast to unloaded waveguide solutions, it is 
difficult to determine when a given mode is truly cut off. 
The reason for this is inherent in problems involving 
waveguides loaded with ferromagnetic media—the non- 
reciprocity of the medium is manifested in the charac- 
teristic equations by a linear term in I’. Because of the 
presence of this term, the propagation constants of the 
modes, which in the absence of loss would be cut off, are 
complex. However, if a given mode has a large value of 
a, e.g., a>15 db per inch, the mode can be regarded 
as nonpropagating regardless of the value of 6. 

A second point of interest regarding these curves is the 
ambiguity in labeling them consistently. For example, 
if the resistivity of the loss sheet were increased from 
670 ohms per square, at the lower frequencies the 
TE) mode would change into a TE) mode, while at 
the higher frequencies it would remain a TE29 mode. 
W. J. Crowe’ has discussed this problem in relation 
to the TE mode solutions in magnetically lossy slabs 
in waveguides and has shown that it results from the 
existence of singular points at which the left side of 
the characteristic equation, e.g., (2), and its partial 
derivative with respect to I’, are zero simultaneously. 
Such a point is observed in Fig. 4 and is labeled “A”. At 
this point the two modes become degenerate at one 
frequency and changes in resistivity near this critical 
point result in the TE;) mode becoming a TE29 mode and 
vice versa. 

The case of the double slab isolator having two ferrite 
slabs symmetrically disposed with respect to the center 
of the waveguide but having oppositely polarized 
biasing fields was not considered. One can see in- 
tuitively that the field distribution for this case must be 
either even or odd with respect to the center plane of the 
waveguide. Advantage of this could be taken in the 
analysis in that it would only be necessary to use the 
half-circuit transverse matrix operator. Lax, Button 
and Roth’ have considered this structure without resis- 
tive sheets on the ferrites and have found the expected 
symmetries in the field configurations. Weisbaum and 
Boyet" have shown results on a partial height isolator 
of this type built for a commercial application. 


EXPERIMENTAL RESULTS 
Apparatus and Procedure 


The E-field probe used in these experiments was a 
transverse traveling probe inserted in a broad face of a 
length of WR-159 waveguide. The probe itself was a 
fine wire extending about 3/32 inch into the waveguide. 
The wire passed through a copper sleeve and terminated 
on a type N coaxial fitting to which a tuned crystal 
detector mount was attached. A reference level of out- 


0B. Lax, K. J. Button and L. M. Roth, “Ferrite phase shifters in 
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put of this crystal was established, usually the reading 
at the center of empty waveguide. All fields were meas- 
ured by adjusting a precision attenuator to bring the 
crystal output to this reference level. Total attenuation 
of the isolator is given in db with respect to the same 
length of empty waveguide. Transverse field distribu- 
tions were taken by varying the position of the probe, 
usually in 0.1 inch increments across the waveguide. 
Unfortunately it was not possible to probe closer than 
about 0.1 inch from the ferrite as capacitance loading of 
the probe when in close proximity to the ferrite caused 
inaccuracies. Variation of longitudinal position was ob- 
tained by sliding the ferrite, along with its biasing mag- 
net, past the probe. 


The Full Height Isolator 


The first arrangement investigated was the full 
height slab of Fig. 1(a). The loss sheet was a coating of 
Aquadag covering the full width of the flat face of the 
slab leaving a } inch uncoated margin at each end. Thus 
the coated area was 4.5 inches by 0.795 inch. 

A series of measurements of attenuation in the 
verse” direction over the frequency band was made at a 
constant applied biasing field using three different re- 
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Fig. 4—Complex propagation constants of the full height isolator in 
the “reverse” direction with frequency and resistivity of the sheet 
as parameters. 
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Fig. 5—Calculated and measured attenuations of the full height iso- 
lator for the “reverse” direction of transmission with sheet re- 
sistivities of 670, 1000 and 2500 ohms per square, respectively. 
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sistivities of the loss sheet: namely, 670, 1000 and 2500 
ohms per square. The results of these measurements are 
compared with the calculated attenuations for these 
cases in Fig. 5. In addition, transverse field distributions 
at the center of the slab are plotted along with calcu- 
lated distributions in Fig. 6. Here transverse distribu- 
tions were measured at both the low and high frequency 
ends of the band for each loss sheet. The comparisons 
are made on a relative shape basis, zero db being taken 
as the peak value in each case. In general, good agree- 
ment with the calculated distribution is obtained. With 
the lowest sheet resistivity, 670 ohms per square, the 
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TE2) mode predominates throughout the frequency 
band, while with the two higher resistivities the TEo 
mode predominates at the low frequencies and the 
TE:9 mode at the high frequencies. 

Longitudinal variations of the E field are shown in 
Fig. 7 at the midband frequency of 6.175 kMc for the 
resistivity of 1000 ohms per square. Four transverse 
positions of the probe are represented in these curves. 
The curve marked 0 represents the probe at the center 
of the waveguide, —0.3 inch and —0.5 inch represent 
distance toward the ferrite and +0.3 inch represents 
distance away from the ferrite measured from the center 
of the waveguide. The signal level at the center of empty 
waveguide before it reaches the ferrite is the reference 
level, 0 db. In empty waveguide the +0.3 inch and 
—0.3 inch positions are normally 1.6 db down and the 
—0.5 inch position is 5.1 db down. In Fig. 5, we see that 
at this frequency the attenuations of TEi) and TEx 
are comparable so that no matter which mode is favored, 
the attenuation will be high. There is also the possibility 
of an interference of fields due to each at some points in 
the waveguide. If one of these points comes near the 
center of the waveguide and near the end of the ferrite, 
there usually results an increased attenuation. This is 
probably due to a difficulty in scattering back into the 
TE) empty waveguide mode from such a field con- 
figuration. Although this interference condition would 
be reactive, the wave reflected in the “forward” direc- 
tion is evidently highly attenuated since no pronounced 
ripple in the longitudinal distribution is found. 

The sharp peak of attenuation of Fig. 5 for the 1000 
ohms per square case is thus explained in Fig. 7, where 
we see an interference which produces a low field spot 
at the center of the waveguide near the end of the ferrite. 
Without this interference we would expect an attenua- 
tion of about 31 db for this case if the TE1o mode carried 
most of the energy. The transverse distribution for the 
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first four inches of the ferrite in Fig. 7 is seen to be 
exponential-like, that is, high field nearest the ferrite 
and dropping rapidly away. This is most indicative of 
a predominant TE;) mode, with the presence of the 
other mode being apparent only near the output end of 
the isolator. 


The Partial Height Isolator 


A partial height isolator of a design developed for a 
commercial application was subjected to a field probe 
test. The dimensional arrangement was maintained as in 
the regular isolator, but some mechanical details had to 
be changed to allow use of the probe. The attenuation 
of this isolator across the frequency band is shown in 
Fig. 8. This curve shows two peaks of attenuation. Probe 
measurements were made at five frequencies: one at the 
low frequency end of the band, 5.925 kMc; one at the 
first peak of attenuation, 5.958 kMc; one in the low 
center region at 6.10 kMc; one at the second peak 6.25 
kMc; and one near the high frequency end of the band 
at 6.40 kMc. The results are shown on the longitudinal 
plots of Fig. 9. 

The 5.925-kMc plot, Fig. 9(a), shows a fairly uniform 
attenuation with a transverse field distribution indica- 
tive of a TEi type mode. The 5.958-kMc plot, Fig. 
9(b), shows much the same type distribution, as might 
be expected since the frequency is little changed. How- 
ever, at the end of the ferrite a peculiar situation exists 
and a sudden increase in attenuation is found. This is 
probably a result of an interference taking place at a 
position such that scatter into the normal TE, mode is 
difficult. The 6.10-kMc plot, Fig. 9(c), shows an inter- 
ference taking place before the end of the ferrite such 
that it has little effect on the total attenuation. The 
6.25-kMc curves, Fig. 9(d), show two interferences. One 
in the middle of the ferrite-loaded section has little net 
effect, but another at the end results again in increased 
attenuation. The 6.40-kMc plot, Fig. 9(e), also shows 
two interferences, both within the ferrite-loaded por- 
tion, and the start of another at the end but the total 
attenuation is the least of the five cases. The first four 
of these field curves start out with TE,» type distribu- 
tions at the 1-inch transverse plane for example. How- 
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ever, Fig. 9(e) does not show this distribution, indicating 
that some other mode is of magnitude comparable to 
TE, from the beginning. 


DISCUSSION AND CONCLUSIONS 


It is apparent from Fig. 4 that not much attenua- 
tion is possible at the low frequencies if both TEio and 
TEx can be excited since one of these modes will have 
fairly low attenuation no matter what the resistivity of 
the loss sheet. The transverse distributions for the low 
frequencies in Fig. 6 are all not markedly different from 
the empty waveguide TE,» sinusoid and hence should be 
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easily excited. It would seem, therefore, that the most 
. useful isolator would have its lowest frequency and re- 
sistivity corresponding to the region of point A in Fig. 4. 
Going from this point to higher frequencies, the at- 
tenuation of TE) holds up well. However, that of 
TE2o drops so it appears the device is not inherently 
very broadband. An interference arranged to occur at a 
suitable frequency would help to increase the bandwidth 
somewhat. If some means could be found to discourage 
the excitation of TExo without increasing the recip- 
rocal loss appreciably, the bandwidth could be im- 
proved. The optimum resistivity of the loss sheet for 
the case considered here seems, from Fig. 3, to be about 
900 ohms per square. The nearest to optimum perform- 
ance was obtained in the case of the resistivity of 1000 
ohms per square as shown in Fig. 5. Here the agreement 
between theory and experiment is quite good except in 
the region of the interference which the calculations do 
not take into account. 

A single-mode concept of operation seems obviously 
inadequate to account for the observed performance. 
The effect of the resistance sheet in the case for optimum 
attenuation is a critical factor in determining the field 
distributions and cannot be regarded as a small per- 
turbation of the field. The role of the interference in 
providing peaks of attenuation seems to be well estab- 
lished. This was first noted and discussed by H. Seidel.” 

Although the partial height isolator has not been 
treated analytically, the behavior is sufficiently similar 
to that of the full height isolator that a general under- 
standing of its operation is obtainable. Since fairly good 
attenuations are obtained at the low frequency end of its 
band it would seem that this corresponds to operation in 
the vicinity of the equivalent of point A of Fig. 4. It is 
also possible that the TE2. mode is not propagated as 


12H. Seidel, “Anomalous propagation in ferrite loaded wave- 
guide,” Proc. IRE, vol. 44, pp. 1410-1414; October, 1956. 
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easily in this structure and that its attenuation does 
not drop so rapidly with frequency. The field configura- 
tions obtained seem consistent with the hypothesis that 
basically the TE) mixes with enough of another mode 
to cause two useful interferences in its operating fre- 
quency band. Here, of course, the narrower coating of 
lower resistivity, approximately 150 ohms per square, 
is used. The effect of the peculiar changes in width of 
the pattern is not understood, but it is known they have 
an effect on the position of the interferences in the fre- 
quency response curve. The partial height of the ferrite 
and the resistive coating would permit z-dependent 
modes such as described by Seidel” and by Seidel and 
Fletcher® to be excited in this structure. These may 
indeed provide some of the attenuation. If they were 
responsible for the major part of the total attenuation, 
one would expect that the TE fields, particularly those 
away from the ferrite, would practically disappear near 
the beginning of the ferrite-loaded waveguide and then 
reappear suitably attenuated at the end, but this is not 
observed. 

The combination of an analytical approach and ex- 
perimental verification involving field mapping has pro- 
vided an insight into the operation of a field displace- 
ment isolator in one rather narrow frequency range. We 
believe this has resulted in a sufficient knowledge of 
the device to provide a qualitative guide to the design 
of similar devices at other frequencies. 
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Peak Internal Fields in Direct-Coupled-Cavity Filters* 


LEO YOUNGT, SENIOR MEMBER, IRE 


Summary—Microwave filters are limited in their power-han- 
dling capacity by high fields generated inside the filter. 

Simple formulas are derived here for the peak fields inside each 
cavity of a direct-coupled-cavity filter at any frequency. The com- 
puted peak fields in each cavity of a three-cavity, a four-cavity, and a 
six-cavity filter as a function of frequency are reproduced up to sev- 
eral harmonics. Inside the pass band, the internal fields are generally 
minimum at center frequency, rising to sharp peaks just outside the 
pass band. 

Phase characteristics were also computed, and their relation to 
the internal field amplitudes is explained. 


INTRODUCTION 


IGH-POWER applications of microwave filters 
H are becoming more numerous,!~* as the trans- 
mitter power of radars is increased. Commonly 
used are microwave band-pass filters, which generally 
take the form of direct-coupled-cavity filters. Cohn has 
obtained formulas for designing such filters to meet-a 
specified maximum insertion loss over a given pass 
band,® and has also discussed general design considera- 
tions for such high-power filters.® 
A more detailed analysis of the power-handling 
capacity of direct-coupled-cavity filters is presented 
here. Several filters were analyzed numerically, and re- 
sults for a three-cavity, a four-cavity, and a six-cavity 
filter are presented. 


DEFINITIONS 


All transmission lines and all obstacles in them will be 
considered to have no dissipation losses. One can there- 
fore associate a power flow with each traveling wave, 
the net forward power flow being simply the difference 
in the powers carried by the forward and backward 
waves. The amplitude a; of a forward traveling wave 
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(traveling towards the load) is defined in magnitude 

by7® 
| a; |? = power flow due to the forward traveling 

wave, (1) 


and a similar definition holds for the amplitude, b; say, 
of a backward-traveling wave (traveling towards the 
generator). 

The same peak amplitude as is produced inside a 
cavity by internal reflections would occur in a properly 
terminated transmission line without obstacles, if 
sufficient power were fed into it. Thus, if a; and 0; are 
the forward- and backward-wave amplitudes in the 7th 
cavity, and if ai, is the amplitude of the forward travel- 
ing wave at the filter input, then the equivalent power 


ratio is defined by 
| G3\--F b; | é 
(Se) ) 
Gin 


provided that a maximum of the standing wave occurs 
inside the cavity. 


EQUIVALENT POWER RATIOS IN THE CAVITIES 


A direct-coupled-cavity filter is shown schematically 
in Fig. 1. To find the peak amplitude inside the ith 
section, let a; be the forward-wave amplitude (Fig. 2) 
and r; the reflection coefficient, in that cavity. Then, if 
unit power emerges from the filter, 


| a:|? — | avi|? = 1. (3) 
Therefore 
Ramee E or (4) 
Therefore, the peak internal amplitude is 
1+ |r|\ 
alt [a= (EE suo 
= al ¥s 


times the magnitude of the wave amplitude emerging 
from the filter, where S; is the VSWR seen in the ith 
section. The “equivalent power ratio” was defined by 
(2) in terms of the incident power. It is thus given by 


Equivalent power ratio in the ith cavity 
= (VSWR seen in the ith cavity, S;) = (6) 
X (fraction of power transmitter by the filter) 
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Tarory, vol. CT-5, p, 147; June, 1958. dai 
- Young, “Analysis of a transmission cavity wavemeter,” 
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Fig. 1—Direct-coupled-cavity filter with shunt-inductive elements. 


[Digg bata: » IBn41 are the normalized susceptances at band- 
center of the N-cavity filter. 
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Fig. 2—Showing wave amplitudes inside the filter. 


One has to be sure, of course, that the maximum of 
the standing wave in each cavity occurs at a real posi- 
tion inside the cavity, and not at a virtual position 
beyond the cavity in question. In the case of cavities a 
half-wavelength long or longer, this is always true. It 
also holds at least near band-center for quarter-wave 
transformers, and for the electric field in shunt-induc- 
_ tively coupled cavities. 

For waveguide filters with shunt-inductive irises, and 
for coaxial line filters with shunt-inductive posts, the 
reactance of the shunt-coupling element is approxi- 
mately proportional to frequency, 1.e., it behaves as an 
inductor. A digital computer program for computing the 
VSWR of such filters was available. By feeding in (for 
instance) only the first four cavities of a six-cavity 
filter, the VSWR in the fifth cavity was computed. The 
fraction of power transmitted by the whole filter was 
also computed by the same program applied to the 
whole filter; and the equivalent power ratio in the fifth 
(or any other) cavity was then determined from (6). 


RELATION BETWEEN EQUIVALENT POWER RATIO 
AND PHASE 


A direct-coupled-cavity filter resembles a periodic 
transmission system,?”° in which the group velocity v, 
is given by 

du 


= ey (7) 
dB 


Ug 
where w =radian frequency, and f is the phase constant. 
The phase change ¢ through a long section of length L 
is then @=BL. For our present purposes, we may write 


1 


(.) 


9L, Brillouin, “Wave Propagation in Periodic Structures,” 
Publications, New York, N. Y.; 1953 . . 
Tey A, Watkins: “Topics in Electromagnetic Theory,” John 
Wiley and Sons, Inc., New York, N. Y.; 1958. 
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Since v, is also the velocity of propagation of energy, 
one may write in a pass band, 


(average energy density) X v, = const, (9) 


or, 


Average energy density « — « —, 
Vg 


(10) 


which may be replaced by 


dé 
Equivalent power ratio « — 
(6) 


«x Rate of change of phase with frequency. (11) 
Of course, this will hold only to the extent that our di- 
rect-coupled-cavity filter resembles an infinite uniform 
periodic structure. 

The phase ¢ appearing in (11) and elsewhere above 
refers to the total phase shift from input to output, 
whereas the computer program was designed to give 
the excess phase shift through the filter over the phase 
shift through a uniform transmission line of the same 
length. (One of the advantages of plotting the excess 
phase shift is that it permits a more accurate graphical 
description of phase change than does a plot of total 
phase shift. Thus, in Fig. 5 the latter would require an 
ordinate range of several thousand degrees instead of 
the several hundred degrees which are needed to plot 
the excess phase shift.) To obtain @ from the plotted 
(excess) phase shift, one then has to add back 360L/\, 
degrees, where L is the length of the filter and 2, is the 
guide wavelength. 


NUMERICAL RESULTS 


Three different filters were investigated. Their circuit 
parameters are first given: 


Filter 1; Number of cavities, n=6: 
Susceptances (see Fig. 1): 


B, = B; = 1.77977 at band-center 
By, = Be = 6.40453 at band-center 
B; = Bs = 9.54427 at band-center 

B, = 10.15377 at band-center. 


Spacings (see Fig. 1): 
6, = 0 = 147.161° at band-center 
6. = 0, = 165.411° at band-center 


63; = 64 = 168.511° at band-center, 


Over-all length of filter 


962.166 


wavelengths at band-center. 
360 
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Filter 2; n=4: 
By 

‘Bo =) Bs 

6, = 

0. = 


h = 
(hy = 


IRE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES 


156.741° at band-center. 
168.579° at band-center. 


Over-all length of filter: 


650.640 
= ——— wavelengths at band-center. 
360 
alters: 1 — 3 
B, = Bg = 0.50000 at band-center. 
By = Bz; = 1.20000 at band-center. 
0; = 03 — 112.5002 at band=center. 
6. = 120.964° at band-center. 
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Fig. 3—VSWR and phase vs frequency of the six-cavity filter 


(Filter 1) over the lowest pass band. 
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Fig. 4—Equivalent power ratios in the six cavities of 


Filter 1 over the lowest pass band. 


2.84605 at band-center. 
9.90000 at band-center. 


== 
10 
ENC 


~ 110 


—i 
1.00 1.10 
FREQUENCY — 


November 


Over-all length of filter 


345.964 
= ———— wavelengths at band-center. 
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DISCUSSION 
Filter 1 


The performance of Filter 1 is dealt with in Figs. 
3-6. This is a six-cavity filter, the same one which is 
described in Fig. 9 of Cohn.® It has a 9.5 per cent band- 
width inside which the maximum VSWR is 1.113. This 
will be called its pass band. Its VSWR and (excess) 
phase response are plotted in Fig. 3 over and near the 
pass band. Note that here and throughout the graphs, 
the frequency axis should be labeled proportional to 
“reciprocal guide wavelength” in the case of dispersive 
waveguides. 

The equivalent power ratios inside and just beyond 
the pass band are plotted against frequency for cavities 
1 to 6 in Fig. 4(a)-4(f). By “Cavity 1” is meant the 
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Fig. S—VSWKR and phase vs frequency of the six-cavity filter 
(Filter 1) up to the fourth harmonic. 
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Fig. 6—Equivalent power ratios in the six cavities of Filter 1 
up to the fourth harmonic. 
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cavity nearest the load, while “Cavity 6” is the one 
nearest the generator. For most of the curves, sO many 
points were computed that a continuous curve is shown. 
Where only a small number of points were computed, 
as in Fig. 4(d) and (e), the computed points are shown 
by circles and joined by straight lines. 

The greatest equivalent power ratio inside the pass 
band occurs in Cavity 4 at each edge of the band, where 
it reaches the value 20. This is twice as much as the 
equivalent power ratio in the same cavity at band-center. 
The greatest equivalent power ratio anywhere occurs in 
Cavity 5 just outside the lower end of the pass band, 
where it reaches at least 33.5. 

The over-all length of the filter, 7.e., the sum of the 
six cavity lengths, is 962.166° at band-center. An un- 
loaded uniform transmission line of this length in- 
creases its electrical length by 9.62° whenever the fre- 
quency increases by 1 per cent of the center frequency. 
This has to be added to the slope of the (excess) phase 
shift vs frequency curve plotted in Fig. 3 to get the 
total rate of change of phase with frequency, which, 
according to (11), should be approximately propor- 
tional to the equivalent power ratio in any cavity. It 
is clear by visual inspection that the slope of the phase 
plot in Fig. 3 does indeed rise and fall as the equivalent 
powers in all cavities except the first [Fig. 4(b)—(f) ]. 
More precisely, if the slopes are determined from Fig. 3, 
and 9.62° per 0.01 change in frequency is added, then 
the respective slopes of the total phase shift at f=0.947, 
1.00, and 1.06, where they are maximum, minimum, and 
maximum in turn, are in the ratio 2.2:1:1.8, which is in 
fair agreement with (11) and Fig. 4. 

Figs. 5 and 6 represent the same six-cavity filter, 
plotted from below the first pass band to beyond the 
fourth harmonic. The same double humps in the 
equivalent power ratios are observed, but they get 
more “blurred” as the frequency and cavity number 
increase. The (excess) phase vs frequency slope in the 
graphs sometimes appears negative because, as ex- 
plained before, it has been computed as a phase shifter; 
when the phase slope of 9.62 degrees per 0.01 increase in 
frequency is added, the curve always takes on a positive 
slope, with a staircase appearance. 


Filter 2 


This is a four-cavity filter, and is based on another 
one of Cohn’s examples.® This one was selected to have 
£1=g2=¢3= g1=1, which maximizes the power handling 
capacity for a given degree of selectivity.® Unfortu- 
nately, the VSWR inside the pass band is not very good 
(Fig. 7). Here go =0.1 is used to define the filter. (Cohn’s 
filter is defined differently; it corresponds to go=0.08.) 
The phase vs frequency curve (Fig. 7) is remarkably 
straight over most of the band, and the equivalent 
power ratio in most cavities stays relatively constant 
oyer the same portion of the band, as would be ex- 
pected from (11). There are the same two familiar 
sharp peaks of equivalent power ratio just outside the 
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band, corresponding to the two kinks in the phase 
curve. Compare Figs. 7 and 8(a)—(d). 

Fig. 4 of Cohn® plotted the relative electric field 
strength against the frequency parameter w’ of the 
prototype filter, taking it from w’=0 to w’=1.1. This 
corresponds approximately to the range f=0.97 to 


f=1.03 in our frequency scale.!! The twin peaks of the 


equivalent power ratio against frequency curves occur 
at the very edges of the pass band, at approximately 


f=0.95 and f=1.05, and so are beyond the frequency 


range covered in Cohn’s Fig. 4. 


4 Dr. Cohn has pointed out to the author that in Fig. 4 in “Design 
considerations for high power microwave filters” (op. cit.), Curves 3 
and 4 were inadvertently interchanged. The agreement with Fig. 8 
here is then quite close. 
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Fig. 7—VSWR and phase vs frequency of the four-cavity 
filter (Filter 2) over the lowest pass band. 


30.0 300L. [| 
NO. No.2 
20.0 200 
\ 
oa bea. ! | 
OO oR 100 105, 40°95 100 105 
FREQUENCY — FREQUENCY — 
(a) (b) 
38.0- 
300+ 
NO.3 NO.4 
20.0 20.0b \ 
10.0F ioob 
elf jl L L n 
bee — = aie 
ORES 100 105, 85 100 105 
FREQUENCY —> FREQUENCY —> 
(c) (d) 


Fig. 8—Equivalent power ratios in the four cavities of Filter 2 
over the lowest pass band. 


616 
=o" 
2a yh 
WW 
ga 4-50° 
ioL “PHASE 50 2 
ae 
a 
t 4-100° 
a 
a 
> 4-150° 
5 + VSWR 
> acon 
X 
| L NA 
6) 1.0 20 30 38 
FREQUENCY — 


Fig. 9—VSWR and phase vs frequency of the three-cavity 
filter (Filter 3) up to the third harmonic. 
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Fig. 10—VSWR and phase vs frequency of the three-cavity 
filter (Filter 3) over the lowest pass band. 


Filter 3 


This filter’? has three cavities. They are much more 
strongly coupled than in the previous two examples. 
The highest VSWR above the pass band is only 7.4 
(Fig. 9). It has a 30.6 per cent pass band, inside which 
the VSWR never exceeds 1.07 (Fig. 10). The phase 
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Fig. 11—Equivalent power ratios in the three cavities of Filter 3 
up to the third harmonic. 


plots are also given in Figs. 9 and 10. The equivalent 
power ratios in each cavity are plotted beyond the third 
harmonic in Fig. 11(a)—11(c). The general behavior is as 
noted in the previous two examples. 
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Mismatch Errors in Microwave Phase 
Shift Measurements* 


G. E. SCHAFERY, 


Summary—The phase difference between the incident and 
transmitted waves at the input and output ports, respectively, of a 
two-arm waveguide junction in a reflection free system is a char- 
acteristic of the waveguide junction and is defined as the “phase 
shift.” The difference between the phase shift in a reflection free 
system and the “change of phase” observed in a system which is not 
reflection free will be termed mismatch error. The mismatch error 
depends not only on the reflections present in the system but also on 
the choice of the wave used as the reference wave in a phase meas- 
urement. Similar considerations hold for the measurements of varia- 
tion of phase shift and the observed change of phase in adjustable 
components. 

A formal scattering matrix analysis is used to derive expressions 
for phase relationships of the wave amplitudes for a two-arm wave- 
guide junction in a system with reflections. The results of this analy- 
sis are used to evaluate mismatch error for different choices of refer- 
ence waves. Two techniques of variation of phase shift measure- 
ments are analyzed. Graphs of the limits of mismatch error in a 
commonly used method of measurement are presented. 


INTRODUCTION 


66 HE phase shift through a waveguide component 
at a ingle frequency is the phase difference under 


matched conditions between corresponding in- 
cident and transmitted field quantities at the input 
and output ports, respectively, ignoring multiples of 27 
radians.”! From this definition, it is seen that the phase 
shift through a waveguide component is a characteristic 
of the component. However, if the component is in- 
serted in a system which has reflections, two interactions 
take place which cause errors in measurements of phase 
shift. It will be shown that the phase difference between 
the emergent wave from the output port (transmitted 
wave) and the wave incident at the input port (incident 
wave) depends only on the reflection coefficient of the 
equivalent load attached to the junction and the char- 
acteristics of the junction. However, the phase of the 
incident wave with respect to some independent refer- 
ence such as the component of the incident wave sup- 
plied by the generator depends on the reflection coefh- 
cients of both the load and the generator, and the char- 
acteristics of the junction. Consequently, the phase of 
the emergent wave with respect to an independent ref- 
erence depends on the reflection coefficients of the load 
and generator and characteristics of the junction. The 
difference between the phase shift and the phase change 


* Received by the PGMTT, May 10, 1960; revised manuscript 
received, July 13, 1960. 
+ Radio Standards Lab., National Bureau of Standards, Boulder, 


Colo. : ee kd 
1 “TRE standards on antennas and waveguides: waveguide an 
waveguide component measurements, 1959,” Proc. IRE, vol. 47, 


pp. 568-582; April, 1959. 
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observed will be termed a mismatch error. Care must be 
exercised to determine which wave is being used as a ref- 
erence in evaluating these mismatch errors. Similar 
considerations hold for measurements of variation of 
phase shift and the observed change of phase in adjust- 
able components such as microwave phase shifters or 
attenuators. 

A scattering matrix analysis is used to derive the 
phase relationship among various wave amplitudes in a 
two-arm waveguide junction inserted in a system with 
reflections. Mismatch errors are evaluated for two 
choices of reference waves. Two commonly used meth- 
ods of measuring variations of phase shift in adjustable 
components are analyzed for mismatch error. Limits 
of mismatch error are calculated for the first method, a 
two channel arrangement, and presented in two graphs. 
One graph presents limits of error for lossless com- 
ponents and is valid for low loss phase shifters. The lim- 
its of mismatch error for a lossless phase shifter are 
slightly larger than those which would be encountered 
in a low loss component such as a commercial phase 
shifter, or in an attenuator when one or both of the set- 
tings is less than 20 db. The other graph is for com- 
ponents which have at least 20 db loss at both settings. 
This graph is presented since such measurements have 
smaller limits of mismatch error. 

The second method which is treated uses a short cir- 
cuit and slotted line to measure the phase shift or varia- 
tion of phase shift of low-loss components. The error is 
evaluated and it is found to depend to the first order 
only on the mismatches of the component and not on 
the mismatches of the generator. 


THEORY 


A two-arm waveguide junction may be represented 
as in Fig. 1. The phase of the emergent wave from arm 2 


' 
at 5 “10 
Si2 Seip _ by | 
—-I=s 4 22 2212D - OL 
| " \-Spoly q =! 1 
Distant ely 
1 {Si Soo | —-Tp= 
Te: a)-bg | be 
J Eh | Sie | 
sb bok 


Fig. 1—A two-arm waveguide junction representation. 


(the transmitted wave) with respect to the other waves 
associated with the junction may be derived by the 
use of the scattering matrix, S. In terms of this matrix, 


b = Sa (1) 


where 6 is a column matrix of the emergent wave ampli- 
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tudes, a is a column matrix of the incident wave ampli- 
tudes, and SS is the scattering matrix of the junction. It 
can readily be shown from (1) and Fig. 1 that the output 
wave is related to the component of the input wave 
supplied by the generator bg by 

by Soy 


= (2) 
be (1 — T,M@)(1 — So2T'p) 


where the S’s are elements of the scattering matrix asso- 
ciated with the two arm junction, and Ig and Ip are 
the equivalent generator and detector reflection co- 
efficients, respectively, and I’; is the reflection coefficient 
of the equivalent load attached to the generator. I’; may 
be expressed as 

Si2S2iPp 


oo 3 
GROUSE cies ene (3) 


The argument of (2) is the phase difference between the 
emergent wave, bs, and b«¢, which is the wave that would 
be delivered to a reflectionless load. bg is independent 
of the reflections of the system and therefore is termed 
the independent wave. 

Eq. (2) may be written in the form 


bo bo Cal 


Ee a aay 4 
bg Qa, bg ( ) 
where 
bo Sox 2 
= = (5) 
ay 1 = JS5elp 
and 
a, 1 
(6) 


bg ie (1 — TT e) 


The argument of b./a; is the phase difference between 
the transmitted wave and the incident wave. The argu- 
ment of a:/bg is the phase difference between the inci- 
dent wave and the independent generator wave, bg. 
When [p=I'¢=0, the phase difference of (6) reduces 
to zero and both (2) and (5) reduce to 


bs 


ay 


where 2: is, by definition, the phase shift through the 
waveguide component. 


EVALUATION OF MisMATCH ERROR 
Case I. The Reference Wave is the Independent Wave, b¢ 


In techniques where the independent wave is used as 
the reference wave, the mismatch error for a phase shift 
measurement may be obtained by rewriting (2) in the 
form 

bs 


fe — | Sa | cient | Be 
G 


erta, (8) 
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where 
1 
(1 — Tile) (1 — SoePp) 


(9) 


erea = 


[oe 


The difference between the measured change of phase 
and the phase shift of the component Is just €q, the argu- 
ment of (9). For differential phase shifters or attenu- 
ators, using front superscripts 7 and f to denote initial 
and final settings, respectively, the change of phase of 
by with respect to the independent wave may be ob- 
tained from an expression derived from (2), which is 


4b. FS a1 (1 — ‘Ty0g¢)(1 — *Se2Pp) 
{bg 2S A Tee Salen) 


(10) 


where the argument of (10) is the change in phase of the 
emergent wave, bo, with respect to the independent 
wave when the setting of the junction is changed. For 
T'p=I'g=0, this reduces to 


fby 152, | Sox 
‘So1 


Oo boi=— thor) 
e7 © o21— “O21 ‘ 


i eentS eas 


(11) 


where “>; — ‘@x: is the variation of phase shift when the 
setting of the junction is changed. For I'g and Ip not 
zero, (10) may be written in the form 


| 2b. | *Sar 
1s | iS 01 | 


ei S2—"V2) = 


ei fon—*21) | E,| eit>, (12) 


where 4Y2— ‘Ys is the change in phase of the emergent 
wave for Ip and Ig not zero, “62; — ‘da is the variation 
of phase shift of the component, and 


(1 — ‘Til¢)(1 — *SeoTp) 
(1 — /TiTe)(1 — 7S 220p) 


ky = | E, | eh = (13) 


From (12) it can be seen that the mismatch error in this 
case is the argument of (13). 


Case II. The Reference Wave is the Incident Wave at the 
Input, ay 


In techniques where the incident wave is used as the 
reference wave, (5) may be written in the form 


be = | Ser efo21 | E, | elec (14) 
ay 
where “21 is the phase shift of the component and 
| E.| et = woot : (15) 
1 — SooPp 


It can be seen that the argument of (15) is the mis- 
match error when the incident wave is used as a refer- 
ence. For adjustable components, the change in phase 
of the emergent wave may be written, when the inci- 
dent input wave is used as a reference wave, as 


The ie} FSe1 1 — *Seo0p 


Pea 1 
bo = So) 1 — 48 oop ce 
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or as 
‘by a | 1Soi| idon-‘onn | yl oi 
is. 2) | Ea| ef (17) 
where 
| H,| ete = nT (18) 
1 — 4So2.0'p 


and €qg is the mismatch error in this case. 


APPLICATION | 


A two-channel method of measuring variation of 
phase shift is illustrated in Fig. 2. Usually there is con- 
siderable isolation between the component under test 
and power dividing network. Under these circumstances, 
a portion of the energy of the oscillator traverses a 
separate isolated path and behaves as an independent 
reference wave for the change of phase measurements. 


STANDARD 
PHASE 
SHIFTER 


ARRANGEMENT A 


ARRANGEMENT B 


Fig. 2—Arrangement of equipment for a two-path 
method of measuring phase shift. 


Without this isolation, the equipment may be adjusted 
to use the incident wave as a reference. The present dis- 
cussion assumes this isolation to be infinite. Since the 
independent wave is used as a reference, the mismatch 
error is given by (13). If the magnitudes of the terms 
other than | Z| and unity in (13) are small compared to 
unity then to a good approximation, 


| E| ef = 1 — *PP eg — Saolp + Tile + Sood, (19) 


and the mismatch error, ¢, may be written approxi- 
mately as 


€ = argument of 
[1 — PiPe — Selo + Tile + 48220]. (20) 


However, it is inconvenient or sometimes difficult to 
evaluate the phases of the scattering and reflection co- 
efficients, while limits of their magnitudes are more 
readily determined from estimates of maximum VSWR. 
Therefore, limits of error (maximum error) for arbi- 
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trary phases of these coefficients are evaluated here. 
One may represent (19) in graphical form as shown in 
Fig. 3. Allowing the phases of the coefficients to take on 
appropriate values, the maximum error, lim e, will occur 
when the resultant is 90° out of phase with the variables, 
as shown in Fig. 4. Under these conditions 
sin (lim e) 

= Tile | = |®SeoT"p | =F "TiTp | of /S22I"p | eae) 


which for small angles may be written, 


lim e 


= |'TiT¢ 


a 


‘SooPe| + /Tile| + [Se20p|. (22) 


IMAGINARY 


REAL 


Fig. 3—Representation of (1)°. 


IMAGINARY; 


Fig. 4—Representation of (19) for maximum e. 


A conservative estimate of the limits of mismatch 
error may be quickly obtained by using the manufac- 
turers’ specifications for the magnitudes of the scatter- 
ing coefficients. It should be noted, however, that for a 
specific measurement, determining the value of the mag- 
nitude of the scattering coefficients will usually result 
in smaller limits of error since manufacturers generally 
specify only the maximum value over the entire operat- 
ing range. It should be emphasized that the limits of 
error calculated from (22) are maximum errors based 
on the assumption that the phases of the scattering 
coefficients change an arbitrary amount. Limits to 
these phase changes can frequently be determined, and 
for precise measurements, it is then desirable to use 
these limits and determine the smaller limits of error 


by use of (13). 
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GRAPHICAL PRESENTATION OF RESULTS 


The graphs are constructed to present a limit of mis- 
match error in variation of phase shift measurements as 
a function of the mismatches of the generator, detector, 
and phase shifter. The following assumptions were 
made to simplify the presentation and they introduce 
only a small loss of generality. It is assumed that: 1) the 
equivalent generator and detector reflection coefficients 
are of equal magnitude, are = | Tp| ; 2) the input and 
output voltage standing-wave ratio (VSWR) of the 
phase shifter are equal, and therefore | Su] = | See| ; and 
3) the detector reflection coefficient and Sj, combine to 
give maximum magnitude of Tj. 

The results for a lossless phase shifter are presented 
in Fig. 5, and for a lossy one in Fig. 6. The-imits of 
error are plotted against the input or output VSWR 


€, DEGREES 


0) ul 12 13 14 15 
Chairs) 


Fig. 5—Limit of mismatch error for lossless phase shifters. 


€, DEGREES 


Fig. 6—Limit of mismatch error for attenuators with initial 
and final settings greater than 20 db. 
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(o11 or o22) of the phase shifter or attenuator. Fig. 5 gives 
limits of error for a lossless phase shifter and conserva- 
tive limits of error for phase shifters with less than 20 
db loss or attenuators with one or both settings at less 
than 20 db loss. Fig. 6 gives limits of error for attenu- 
ators when both settings are at least 20 db or phase 
shifters with 20 db or more of insertion loss. 

As an example, consider a phase shifter with 0.5 db 
insertion loss and maximum input and output VSWR 
of 1.35 placed in a waveguide system with maximum 
VSWR looking towards the generator and detector of 
1.05. The conservative limit of error as given by Fig. 5 
is 0.90°. However, if this component has 20 db or more 
loss at both settings, the limit of error as given by Fig. 6 
is 0.84°. The difference between the limits of error for 
the lossless and high loss cases becomes more pro- 
nounced as the ratio of |Tp| to | Sis! becomes larger 
and therefore both graphs are presented. 

The graphs may also be used to estimate the maxi- 
mum permissible VSWR of the equivalent generator and 
detector to attain a given accuracy of variation of 
phase shift with a calibrated phase shifter. One case of 
interest is a microwave phase shifter of maximum 
VSWR of 1.35 which is calibrated to 2° accuracy. To 
utilize this accuracy, an estimate from Fig. 5 indicates 
that it should be used in a system where the VSWR 
looking towards the generator and detector are 1.10, 
or less. Another case of interest is the comparison of the 
variation of phase shift of two components within 0.1° 
in a two channel method. This would be satisfied if the 
limit of mismatch error for each component was 0.05°. 
If one of the components is a microwave phase shifter 
with maximum VSWR of 1.35, the maximum VSWR of 
the equivalent generator and detector for 0.05° limit is 
1.004. If the other component is an attenuator with 
maximum VSWR of 1.15, the maximum VSWR of the 
equivalent generator and detector for 0.05° limit is 
1.006. 

It may be useful here to emphasize the meaning of 
the limits of error presented in the graphs. These are 
maximum errors due to mismatches, since it was as- 
sumed that the phase changes of all coefficients were 
arbitrary. If one has knowledge of the limits of phase 
changes of the coefficients, or actual values, it is desir- 
able for critical work to turn to (11) and evaluate closer 
limits of mismatch error, or actual mismatch error. 


APPLICATION II 


A method which has been used to measure the varia- 
tion of phase shift of a low-loss reciprocal waveguide 
component by terminating it with a calibrated sliding 
short circuit and using a slotted section as a detector is 
illustrated in Fig. 7. A minimum of the input standing 
wave pattern is used as a reference to position the 
probe. When the component under test is adjusted toa 
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new setting, the minimum of the input standing wave 
pattern is restored to the reference plane of the probe by 
moving the calibrated short circuit. Since the wave 
travels through the component in both directions to 
form this pattern, twice the phase shift of the compo- 
nent is assumed to be equal to the change of phase of the 
reflection coefficient of the attached short circuit. 


DETECTOR 


| 


SLOTTED COMPONENT ADJUSTABLE 
NERAT 
GENERATOR UNDER SHORT 
LINE TEST CIRCUIT 


Fig. 7—Arrangement of equipment for a short circuit method 
of measuring phase shift of low-loss components. 


Neglecting any errors caused by probe loading, the 
minimum of the input standing wave pattern occurs 
when 


(23) 


by 
argument of — = (2n + 1)z, 
a, 
where is an integer. The minimum of the pattern is 
restored to the initial position by adjustment of the 
short circuit and this condition may be expressed by 


1b, ‘by 
AEE sare 7 (24) 
a, a, 
or 
arg /T, = arg ‘T1 (25) 


where I; is the input reflection coefficient of the com- 
ponent when arm 2 is terminated with a sliding short 
circuit with reflection coefficient I',. Substitution of an 
expression for I; in terms of the scattering coefficients 
of the component and the short circuit allows the ad- 
justment conditions to be written as 
TSorrT, ) 
1 — S/T, 


(s ea =) (26) 
= arg 11 1 es seaT! ) 


when reciprocity in the form, S:= Si, has been as- 
sumed. For | Sool’, <1, this may be written approxi- 


mately as 
arg (4S11 + 4801? /T. + 4S21” 4ST ,”) 
= arg (iS + $Soi? T's + ‘S21? ‘See een (2 0) 


arg (‘ss + 


The measured variation of phase shift is based on the 
assumption that Sj: =S2.=0 and that the arguments of 
fSo2IT, and ‘52, ‘TL, are equal, which leads to 


d(W. — Hs) (28) 


foo, — ‘ba = 
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where , and /y, are the initial and final phases, respec- 
tively, of the reflection coefficient of the sliding short 
cimeunte, IMs. 

It is apparent, however, that the actual change of 
phase can differ from this ideal when Sj, and Sy: are not 
zero, or 

oor = ‘bo1) ~*~ a(We rs NW.) = €e) (29) 
where €, is the mismatch error in this method. Eq. (29) 
can be shown to be equivalent to 


de, = arg uae = (ate 7.Se1( pe ate Saco e Dae 


(30) 
The difference between these two arguments, 2¢,, can 
be seen from Fig. 8, a graphical representation of (27) 
which describes the actual adjustment of conditions for 
the general case. The limits of this difference, assuming 
all phases of the reflection coefficients are possible, may 
be obtained from 


1 


sin (lim e,) = Fe [sin(lime) + sin(lime) | 


1 | 4511 | ie |4S'o124So0/T 2 | 


; isae eT 
11 lsul 4 ber gy 
ey, So? Ol. 


where lim e, is the limit of error, and lim « and lim e 
are limits of €, and €& as shown in Fig. 8. A readily calcu- 
lated approximation for the limit of error may be found 
by assuming | Sei ae IT. =e Baia | Si1| and | Se2| do 
not change with adjustment. This approximate limit of 
error may be obtained from é 


sin (lim e,) ~ | Soe] + PSuaiee (32) 


IMAGINARY | 
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Fig. 8—Representation of (27). 
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If the input and output VSWR of the component are 
equal and the error is small, the limit of mismatch error 
may be written as 


(33) 


lhimGa= v | Sat radians 


which can be readily shown to be equivalent to a result 
for lossless components quoted by Magid.? It may be 
useful here to emphasize the meaning of the limits of 
error obtained by (33). These are maximum errors due 
to mismatches, since it was assumed that the phase 
changes of all coefficients were arbitrary. 


2M. Magid, “Precision microwave phase shift measurements,” 
IRE TRaAns. ON INSTRUMENTATION, vol. I-7, pp. 321-331; December, 
1958. 
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For the same phase shifter considered in Application 
I (VSWR <1.35), the limits of error are +17°. It is of 
interest to note that the mismatch error in a variation 
of phase shift measurement in this method is independ- 
ent of the reflection coefficient of the generator. 

Additional errors in this method such as those caused 
by probe loading in the slotted line are not within the 
scope of this analysis, but should be taken into account, 
if they are appreciable compared to the mismatch error. 
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A Note on the Optimum Source Conductance 


of Crystal Mixers* 


R. J. MOHR?, MEMBER, IRE, AND S. OKWIT{I, MEMBER, IRE 


Summary—This paper describes an accurate and convenient 
technique for measuring the match of a crystal mixer. Use is made of 
the fact that with a proper RF drive level, the fundamental conduct- 
ance of a mixer crystal may be made equal to the optimum source 
conductance of the crystal for mixer operation. The required drive 
level depends on certain crystal parameters and on the image fre- 
quency termination of the mixer. Design curves are given which sim- 
plify the determination of the proper RF drive level for a wide range 
of crystal parameters and their condition of image frequency ter- 
mination. 


INTRODUCTION 
| YHE DESIGN of acrystal mixer may conveniently 


be broken down into three parts: 


1) design of a signal coupling mechanism which will 
provide the optimum source conductance for 
minimum available conversion loss, 


2) design of a local-oscillator coupling mechanism 
that has negligible effect on the signal admittance, 


3) design of an RF bypass circuit that will not allow 
the RF power to couple to the IF load circuit. 


* Received by the PGMTT, April 29, 1960; revised manuscript 
received, July 18, 1960. 
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with FXR Inc., Woodside, N. Y. 
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This paper deals with certain considerations of the 
design of the signal coupling mechanism. In order to 
achieve a minimum noise figure crystal mixer receiver, it 
is necessary to design the mixer for minimum available 
conversion loss. From linear network theory, applicable 
to a crystal mixer, there is an optimum source conduct- 
ance for minimum available conversion loss. In the 
practical design of a crystal mixer, it is usually assumed 
that this optimum conductance is equal to the funda- 
mental component of the conductance of the crystal for 
a high-level RF signal, of the same magnitude as the 
local-oscillator drive, but in the absence of this local- 
oscillator drive. Under this assumption, the crystal 
mount is then designed to be matched to the line at this 
high level of RF signal.! This generally gives a good ap- 
proximation to the optimum match condition for the 
broadband mixer* (image frequency termination equal 


1 R. V. Pound, “Microwave Mixers,” Rad. Lab. Series, McGraw- 
Hill Book Co., Inc., New York, N. Y., vol. 16, p. 122:1945. 
* H.C. Torrey and C,. A. Whitmer, “Crystal Rectifiers,” Rad. 
Lab Series, McGraw-Hill Book Co., Inc., New Vouk INe Youvoles 
pp. 111-178; 1948. j 
peration in this condition is discussed by Torrey and Whit- 
peET ety: oo ies show that the conversion jane (Lo) for this 
condition differs from the optimum conversion loss (Z;) in th - 
band condition by less than 0.2 db. a eee 
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to the signal frequency termination). However, the 
question arises as to how accurate this technique is in 
approximating the optimum match condition for nar- 
row-band mixers (image frequency termination short- 
circuited or open-circuited). 

It is the purpose of this paper to investigate the ac- 
curacy of this measurement method for the three mixer 
cases of general interest: 


1) short-circuited image frequency termination, 

2) image frequency termination =signal frequency 
termination, 

3) open-circuited image frequency termination: 


and to show how, froma knowledge of the de character- 
istics of the crystal, a modification in the RF drive level 
can be made to improve the accuracy. Only single-ended 
mixers will be discussed. However, application to bal- 
anced mixers should be clear. 

The interrelationship of the high-level crystal con- 
ductance and the optimum mixer source conductance 
may not be immediately apparent. For this reason, 
mixer theory will be briefly reviewed and equivalent 
networks will be presented which will show this rela- 
tionship quite clearly. 


REVIEW OF CrysTAL MIXER THEORY 


A simple mixer circuit is shown in Fig. 1. The RF 
choke serves as a low-impedance path for both dc and 
the IF frequency. Hence, as viewed from the IF termi- 
nals, the crystal is effectively across BB’. The RF by- 
pass assures that no signal power will be lost to the IF 
circuit and, as viewed from the RF terminals, effec- 
tively places the crystal across AA’. The local oscillator 
is represented by the current source 7)=TJo cos wot, and 
admittance Yo. In a practical mixer circuit, the local 
oscillator is very loosely coupled to the crystal (YWo«Y,, 
where Y,=signal generator admittance), and its effect 
on the conversion loss and impedance relationships can 
be neglected. The area indicated as “crystal” is meant 
to include only the active region of the crystal, that is, 
the vicinity of the point contact. All the passive parts 
of the crystal (whisker, ceramic and contacts) are 
implicit in the RF transformation network. Conse- 
quently, all admittances shown are referred to this re- 
gion. 

It has been shown?*> that a crystal mixer can be ac- 
curately represented, at the active region of the crystal, 
by the three-port network shown in Fig. 2. The con- 
ductances of the network can be obtained from an anal- 
ysis of the current that will flow as a result of a small 


4. C. Peterson and F. B. Llewellyn, “The performance of mixers 
in terms of linear network theory,” Proc. IRE, vol. 33, pp. 458-476; 
July, 1945. aie . 

5 E. W. Herold, R. R. Bush, and W. R. Ferris, “Conversion loss of 
diode mixers having image frequency impedance,” PRoc. IRE, vol. 
33, pp. 603-609; September, 1945. 
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Fig. 2—Equivalent network of crystal for mixer calculations. 


signal voltage being applied to the crystal, when the 
crystal is excited by a high-level local oscillator signal. 
Except for the fact that frequency translations im- 
plicitly occur, the laws of linear network theory apply to 
the network. An analysis of the network will yield, 
among other parameters, the available conversion loss, 
and optimum source conductance for minimum avail- 
able conversion loss, for any arbitrary image frequency 
termination. Any deviation of the source conductance 
from its optimum value will cause a degradation in con- 
version loss by approximately the mismatch loss. 

From Fig. 2, it can be seen that the image frequency 
termination will affect the optimum source conductance 
and conversion loss. The conditions of image termina- 
tion of general interest are: 


Case 1) image frequency terminals shorted (narrow- 
band case), 

image frequency termination equal to signal 
frequency termination (broadband case), 
image frequency terminals open-circuited 


(narrow-band case). 


Case 2) 


Case 3) 


For mixer crystals with small back conductance, it 
has been shown® that the open-circuited image condi- 
tion (Case 3) will always yield the greatest conversion 
efficiency. It should be noted that, in a properly designed 
mixer, the over-all improvement in receiver perform- 
ance obtained by using an open-circuited image fre- 
quency termination in preference to a matched image 
frequency termination is not large, usually about 0.5 to 
1.0 db decrease in over-all noise figure. However, in 
cases where a preselector must be used for purposes 
other than noise figure considerations, improper loca- 
tion of the preselector relative to the mixer can increase 


6P. D. Strum, “Some aspects of mixer crystal performance,” 
Proc. IRE, vol. 41, pp. 875-889; July, 1953. 


624 IRE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES 


over-all receiver noise figure by as much as 4.0 to 5.0 db 
over that which would be obtained if the preselector 
were properly placed. This degradation is primarily due 
to: 


1) increased conversion loss, 
2) increased IF noise figure resulting from the effect 
of a radically changed IF output impedance. 


The optimum source conductance for each case of 
image frequency termination may be expressed in terms 
of the conductances of the network of Fig. 2. These are: 


Case 1 


gS V/ £0" iy Cat (1) 


(Image short-circuited), 


; 2£c1" 
Lr. = 4/ + g:9) («. + £09 — ; ) (2) 
0 


(Image matched), 
Case 3 


ote Ries ete! 2801" (Seo = £0) 7 £0( or” = £0") 
&r3 = V 807 — ee4/ Z = (3) 
g0( Zo" ae 81") 


Case 2 


(Image open-circuited), 


where 
1 27 
£0 = — gdwot , (4) 
2rJ 9 
il! 27 
Len = — g COS 2Znwoldwot (5) 
27 J 9 


and g=instantaneous small-signal conductance. 

These conductances, go, ger and g.2, are found from an 
analysis of the current flow resulting from the applica- 
tion of a low-level signal to a crystal driven by the local 
oscillator, and, as discussed in the next section, may 
conveniently be expressed in terms of the parameters of 
the crystal law. 


IMPORTANT MIXER PARAMETERS IN TERMS OF 
THE CRYSTAL LAW 


The E-I characteristics of a crystal can be very 
closely approximated by: 


ig = _K e*: (50) (6) 


(e < 0), (7) 


ty = £de; 


where 7; is instantaneous forward current, % is the in- 
stantaneous back current, e is the applied voltage, k is a 
proportionality constant, x is the approximate value of 
d log i;/d loge of the crystal, and g, is the nearly constant 
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back conductance. (The method of obtaining these 
parameters from the dc characteristic of a crystal is 
illustrated in the Appendix.) 
The instantaneous small-signal conductance 1s: 
di 


=— = Kress; 
3 de 


[es 400 


(e > 0) (8) 


(e < 0). (9) 


Assuming a local-oscillator voltage of the form e= 
cos wot, and substituting g from (8) and (9) into (4) and 


(5), we get 
es) 
! 
2 8b 
0= 10 
g ay Amer (10) 
é 
(=): 
em s ES (11) 
bles 
x x— 2 
el (=): = 2 | = 
PS in (ees) (aa } 
Be: 
where 
Sn 
Spe ; 


Other quantities of interest are the fundamental com- 
ponent of the high RF level conductance, g; (which is 
the ratio of the fundamental component of the crystal 
current to the applied voltage, and is the conductance 
which is used to approximate the optimum source con- 
ductance required for minimum L,) and the rectified 
current J,': 


Pay fae (13) 


C3) 


(14) 


APPLICATION TO MATCHING TECHNIQUE 


Based on Figs. 1 and 2, the equivalent circuit of Fig. 
3 is obtained. As in Fig. 1, the passive parts of the 
crystal structure are implicit in the various transformers 


_ 7S. Okwit, “Theoretical Analysis of High-Q Mixer Receiver De- 
sign,” M.S. thesis, Adelphi College, Garden Cy. INS Yeu loS73 5 
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shown. Physically, the transformers for the signal and 
image frequencies are identical. However, areeaneral 
the RF matching network is frequency-sensitive one rhe 
representation of Fig. 3 shows this explicitly. The char- 
acteristic admittance, g,, of the input transmission line 
1s assumed to be the same at the signal frequency, w, 
and at the image frequency, w; = 2w»)—w,. one 


SIGNAL 
FREQUENCY 
TRANSFORMER 


INTERMEDIATE 
FREQUENCY 


IMAGE 
FREQUENCY 
TRANSFORMER 


Fig. 3—Equivalent circuit of mixer. 


For minimum conversion loss, the conductance seen 
looking toward the generator at terminals CC’ should 
be equal to the optimum source conductance for the 
mixer [(1)—(3) ]. A convenient way to obtain this opti- 
mum match condition in practice is first to place a con- 
ductance at the active region of the crystal (terminal 
CC’, Fig. 3) which is equal to the optimum source con- 
ductance and then to adjust the input transformation 
network to obtain optimum power transfer to the con- 
ductance. This corresponds to a conjugate match at 
terminal CC’, and if the signal frequency transformer is 
lossless then there will also be a condition of match at 
terminals AA’. Hence, slotted-line measurements in the 
input transmission line can accurately record the degree 
of match of the crystal mixer. These data can then be 
used to “broadband” match the crystal mount by the 
use of conventional microwave broadband matching 
techniques.® 

A convenient method of effectively placing the opti- 
mum conductance at the active region of the crystal is 
to drive the crystal with a predetermined high level of 
RF, such that its fundamental conductance g: (iS) ts 
equal to the optimum source conductance of the mixer 
for the particular case of interest [(1)—(3) ]. The level of 
the drive is indicated in practice by the amount of 
rectified current. In the VSWR measurement, it is only 
necessary that the probe in the slotted section be suf- 


8G. L. Ragan, “Microwave Transmission Circuits,” Rad. Dab 
Series, McGraw-Hill Book Co., Inc., vol. 9; 1948. 
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ficiently narrow-band that the second- and higher-order 
harmonics of the rectified current be rejected ade- 
quately. 

Let us now discuss how the foregoing is applied to the 
design of a crystal mixer. Consider the following. It is 
desired to design a broad-band mixer (Case 2) using a 
1N21E crystal. The drive level to be used for optimum 
sensitivity, as recommended by the manufacturer, is 0.6 
ma. It is necessary for the designer to make measure- 
ments of the H-J characteristics of several crystal 
samples, in order to obtain the average crystal law 
parameters. Utilizing the techniques described in the 
Appendix, we find the average crystal law parameters 
of the 1N21E crystal to be: 


xX = 4 
K=0.4 
gp = 0.2 millimhos. 


It now remains to determine at what level of RF 
drive (rectified current) the crystal mount should be 
matched to the line. 

The procedure is as follows. From the parameters of 
the crystal law the optimum source conductance, gs, is 
determined. A value of rectified current is then found at 
which g; is equal to g,.. This will then be the level of RF 
drive at which the crystal mount should be matched to 
the line. 

From (10)—(13), 


go = 0.340E,* + 10-4 (15) 
ger = 0.300E,* — 0.637 X 1074 (16) 
gor = 0.204 E,? (17) 
g1 = 0.136Ey? + 10-4. (18) 


The value of £o, as determined from (14), with a crystal 
drive of 0.6 ma is Ly) =0.307 volts. Use of this value of 
Eo in (15)-(17) yields 


go = 9.92 millimhos (19) 

Zc1 = 8.62 millimhos (20) 

gc-2 = 5.90 millimhos. (21) 
Substituting (19)—(21) into (2), we get 

gr2 = 3.68 millimhos. (22) 


The level of rectified current needed to make the 
fundamental conductance of the crystal equal to the 
optimum source conductance (22) can now be found. 
Eq. (18) is solved yielding £)=0.298 volts, at which 
value g1=g,2=3.68 millimhos. 

From (14), 7,=0.53 ma, which is the required value 
of crystal drive for correct matching as compared to the 
usual 0.6-ma drive which would be used by the standard 
method. If on-off square-wave modulated RF is used 
in the measurement, the average current, as read on a 
milliammeter, should be half this value. 
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A similar procedure applied to the short-circuited 
and open-circuited image frequency conditions yields a 
crystal drive of 0.81 ma and .0.42 ma, respectively, for 
correct matching. 

It is of interest to see what mismatches would exist 
if the mixer were matched to the line at a signal level 
equal to the operating local-oscillator level. For the 
1N21E crystal utilized in the previous example, (18) 
yields g,=4 millimhos at 0.6 ma drive. In the broad- 
band case, the mixer would have been mismatched by 
4/3.68=1.09:1; and in the narrow-band conditions 
4.92/4=1.23:1 for Case 1 and 4/3.01=1.33:1 for Case 
3. These mismatches are, in themselves, small and pro- 
duce little degradation in conversion loss. However, 
when this mismatch is considered together with the 
usual crystal impedance spread and accuracy of adjust- 
ment of match over a sizeable band, it is recognized 
that the combination VSWR may be significantly 
greater than that which would be obtained by matching 
with the correct drive level. 


GENERAL DESIGN CURVES 


By making certain simplifying approximations, we 
may obtain a set of design curves which will greatly 
simplify the procedure described above. 

For gogo, as in most high-performance crystals, it 


can be shown that 
vey rn Bleu 
= (=) , (23) 
Lao 81 


Iqn=rectified crystal current at which fundamental 
conductance 27, (7 142, 3), 
Zao=rectified crystal current at which crystal will be 
operated in practice, 
£-n=Optimum source conductance for case n (n=1, 
2, 3), 
g:=fundamental conductance at drive level Jo. 


where 


By use of the above equations and the calculated 
values of g,, for a wide range of x and go’, the curves of 
Figs. 4-6 were obtained. These curves cover most of the 
high-performance crystals available today. 

The curves are plotted with go’ as a parameter, which 
is the average small-signal conductance normalized to 
the average small-signal conductance in the forward 
direction. go’ is [from (10) | 

FES MLE, (24) 
Lo— 23/2 220 

Applying these curves to the previous example, we 

get the following approximate values: 


Case1 Ja= 1.3X0.6=0.780 ma 


Case 2 I..=0.88 X0.6=0.528 ma 
Case 3 I,3=0.67 X0.6=0.402 ma, 


which compare favorably with the exact values in the 
example. 
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CRYSTAL CURRENT DUE TO LOCAL OSCILLATOR 
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CRYSTAL EXPONENT (xX) 


Fig. 4—Normalized crystal drive current vs crystal exponent 
for Case 1 (short-circuit-image). 
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Fig. 5—Normalized crystal drive current vs crystal exponent 
for Case 2 (matched image). 
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Fig. 6—Normalized crystal drive current vs crystal exponent for 
Case 3 (open-circuited image). 
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CONCLUSIONS 


From a knowledge of the de characteristics of a mixer 
crystal, a drive level may be found at which the crystal 
impedance is equal to the optimum source impedance 
of the mixer. The optimum drive level has been calcu- 
lated for a wide range of crystal parameters for the 
three important cases of image frequency termination. 
The resultant design data are presented in Figs. 4-6. 

Although very little experimental verification is 
available, the design data presented here are based on 
generally accepted mixer theory, that is, the validity of 
the equivalent network of the mixer and the validity of 
the relation of the various crystal conductances to the 
de characteristics of the crystal. 


APPENDIX 


DETERMINATION OF PARAMETERS OF CRYSTAL LAW 


Inspection of the E-J characteristics of a mixer 
crystal plotted on logarithmic coordinates reveals that 
the crystal law may be approximated over a large por- 


tion of the current range by 
bf = ke (e > 0) 


(er -(). 


(25) 
(26) 


1p = S256 
where 


1; =instantaneous forward current 
1»=instantaneous back current 
eé=instantaneous voltage 

x =nearly constant slope =(d log 1)/d log e 
g,p=nearly constant back conductance 
k=proportionality constant. 


Fig. 7, shows the E—J crystal characteristics of a typi- 
cal 1N21E crystal plotted on logarithmic coordinates. 
From Fig. 7, it is seen that over any 10 to 1 range in cur- 
rent (in the region between 0.05 ma and 5 ma) the E-I 
curve can be approximated by a straight line. This, 
fortunately, is the region of most interest in crystal 
mixer operation. 


Determination of x 


The average crystal slope is 


log— 

; Oras 

d log 1 12 
a re i a 

d loge e1 

log — 

€2 


where 11> 12, €1> 2. 
By use of a 10 to 1 current range, 
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Application of (27) to the 1N21E crystal plotted in 
Fig. 7 (where the 10 to 1 current range is 0.1 to 1.0 ma) 
yields: 


X = 4, 


Determination of K 


Setting e=1 volt in (25) yields 77=K. Hence, by ex- 
tending the straight-line approximation of the curve to 
e=1 volt, K is determined graphically as the current at 
the intercept of the 1 volt axis. Application of the above 
to Fig. 7 yields: 


K = 0.4. 


Determination of 2» 


Setting e=1 volt in (26) yields 7% =g,. For the crystal 
characteristics plotted in Fig. 7, 


gyp=0.2 millimhos. 


In actual operation, the equivalent parameters of the 
crystal law may be modified by 1) the effect of dc 
impedance in the crystal circuit which will cause a bias, 
and 2) the effect of RF impedance in series with the 
crystal at harmonics of the local-oscillator frequency 
which will cause the applied local-oscillator voltage to 
be nonsinusoidal. These effects are usually small and ina 
direction to cancel each other. They have been neglected 
in this paper. 
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Microwave Switching with Low-Pressure Arc Discharge* 


R. M. HILL{ ann S. K. ICHIKIT 


Summary—The characteristics of a low-pressure, hot cathode 
arc discharge have been studied and applied to microwave switching 
applications. The combination of rapid plasma build-up, low ignition 
voltage, and fairly rapid plasma decay, offers promise for the devel- 
opment of broad-band, high-power microwave switches which can 
be closed in tenths of microseconds and opened in a few micro- 
seconds or less. Experimental results on some particular switches are 
reported. 


INTRODUCTION 
(ee discharge plasmas have long been used to 


y control, attenuate and switch microwave power. 
TR and ATR tubes use plasmas produced pri- 
marily by the microwave power itself. Plasmas pro- 
duced by hot or cold cathode glow discharges have been 
used for low power attenuators! and switches.” RF ex- 
cited plasmas have been used to develop a phase shifter? 
and Faraday rotator.* A magnetically-controlled switch 
which uses a microwave induced plasma has recently 
been discussed.® The glow discharge control devices tend 
to be somewhat unstable and are usually restricted to 
low power applications. Even the ever useful TR can 
have disadvantages for low power switching or crystal 
protection, and is always faced with spike leakage prob- 
lems at high power. 

The properties of low pressure arc discharges do not 
seem to have been exploited for microwave use. A study 
of some of these properties and their application to 
switching microwaves will be described. 


PROPAGATION IN PLASMAS 


The physical quantity which allows a gas discharge 
plasma to be used as a microwave switching element is 
the electron density, or number of electrons, per cubic 
centimeter. This can be seen from the simplified ex- 
pression for the microwave index of refraction of a 


* Received by the PGMTT, June 10, 1960; revised manuscript 
received, July 18, 1960. This work was performed under Air Force 
Contract No. AF 30(602)-1886. 

{+ Microwave Physics Lab., Sylvania Electric Products, Inc., 
Mountain View, Calif. 

1E. M. Bradley and D. H. Pringle, “The theory and design of 
gas-discharge microwave attenuators,” J. Brit. TRE, vol. 15, pp. 
11-24; January, 1955. 

> L. Goldstein and N. L. Cohen, “Behavior of gas-discharge plas- 
ma in high-frequency electromagnetic fields,” Elec. Comm., vol. 28, 
pp. 305-321; December, 1951. 

’ D. H. Pringle and E. M. Bradley, “Some new microwave control 
valves employing the negative glow discharge,” J. Electronics, vol. 1, 
pp. 389-404; January, 1956. 

4L. Goldstein, M. A. Lampert and J. F. Heney, “Magneto- 
optics of an electron gas with guided microwaves,” Elec. Commun., 
vol. 28, pp. 233-234; September, 1951. 

5S. J. Tetenbaum and R. M. Hill, “High power, magnetic field 
controlled microwave gas discharge switches,” IRE TRANS. ON 
MicrowAVE THEORY AND TECHNIQUES, vol. MTT-7, pp. 73-83; 
January, 1959. 


plasma. This is given by 


era AN 
N = (/! ae (2) ) 
f 
where f, is the plasma frequency (f,=9000 /n, sec, 
where 7, is electron density per cubic centimeter), and 


f is the frequency of the wave being propagated. When 


the ratio f,/f is greater than or equal to one, the index 
of refraction is 0 or imaginary, and propagation in the 
medium is forbidden. A careful study of microwave 
propagation in plasmas should include both source and 
sink terms for the electron density, the effect of electron 
density gradients, and nonlinear effects. However, a 
qualitative picture of what can be expected may be ob- 
tained by examining the transmission characteristics of 
an infinite slab of plasma which is of uniform density 
throughout the slab and has no de electric field. If we 
assume that we have a finite slab of thickness d and a 
loss term which may be expressed by a collision fre- 
quency, v, the expressions for the power transmission 


and reflection coefficients for normal incidence are 
given by® 
Power Transmitted 
Power Incident 
| 4wve(iele)yd 2 
(1+ y)2— (1 — y)2e(elerra | 
= Power Reflected 


Power Incident 
| oe | 2 
(1 + y)2 — (1 — y)2¢e(i2w/erva | 4 


where y = V1 —w,?/w(w+iv), and w,=27f,. Figs. 1 and 2 
give numerical results for these coefficients under the 
assumption that the thickness of the slab is equal to a 
free-space wavelength. The transmission and reflection 
coefficients are plotted against the plasma frequency 
with the ratio of the collision frequency to the radian fre- 
quency of the signal as a parameter. Fig. 1 shows that 
the transmission coefficient falls very rapidly for densi- 
ties greater than the plasma density when the loss fre- 
quency is of the order of 1/10 or less of the radian 
frequency. Under the same conditions Fig. 2 shows that 
virtually all of the incident signal is reflected from the 
plasma slab. These calculations suggest seeking a low 
pressure source of plasma for switching purposes. 


| 


° E. Barrett, private communication. 
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Fig. 1—Layer attenuation vs electron density. 
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Fig. 2—Layer reflected power vs electron density. 


In order to use a gaseous microwave switch with rela- 
tively high powers, the question of microwave break- 
down of the gas in the switch needs consideration. 
Brown has shown that,’ as a function of pressure, there 
is a minimum in the power required for microwave 
breakdown which is approximately at the point where 
the ratio of v/w=1 (y, the collision frequency, is directly 
proportional to pressure). Since the above considera- 
tions of reflection and transmission require v/w to be 
less than one, it is evident that the pressure should be 
kept as low as is practical for high-power applications. 


Low-PRESSURE ARC DISCHARGE 


The arc discharge is characterized by high current, 
primarily of electrons, and relatively low voltage drop 
across the discharge, particularly if a hot cathode is 


7S. C. Brown, “Handbuch de Physik,” Julian Springer, Berlin, 
Ger., vol. 22; 1955. 
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used. This general type of discharge is used in fluores- 
cent lighting fixtures and also in thyratrons. Typical 
densities in the positive column of the discharge are of 
the order of 10-10" electrons and ions per cubic centi- 
meter, which should be sufficient for microwave switch- 
ing up to frequencies of 30 kMc. Peak discharge currents 
of one to hundreds of amperes can be carried by such 
discharges. 

Careful study of the mechanisms operating in hydro- 
gen thyratrons® of the type used for magnetron modu- 
lators has clarified many features of this discharge and 
make it a very attractive possibility for use as a micro- 
wave switch. The ignition of the discharge, or the build- 
up of electron density, can take place in a triode struc- 
ture with a grid providing the trigger for the ignition. 
Build-up of electron density to its equilibrium value is 
very rapid, being accomplished in ten to a hundred milli- 
microseconds. This time is primarily a function of the 
pressure of the gas and of the applied grid and anode 
voltages. 

The grid, of course, loses any control of the dis- 
charge after the initial breakdown, and only after the 
density has again fallen below some fairly low value can 
the grid again exert any influence on the tube. The de- 
cay of the electron density after removal of the anode 
voltage is influenced by two things. Firstly, if the anode 
is allowed to reverse itself for a small period of time, 
much of the density will be removed from the tube by 
this sweeping voltage. The remainder decays in a time 
determined by the geometry of the tube and the ambi- 
polar diffusion coefficient, which is for practical pur- 
poses equivalent to twice the positive ion diffusion 
coefficient. Typical decay or recovery times are of the 
order of one to tens of microseconds. It would appear, 
therefore, because of the rapid ignition, high equilibrium 
density and fairly rapid decay of this density, that the 
low pressure, grid initiated, arc discharge could be ap- 
plied to microwave switching problems. 


EXPERIMENTAL RESULTS 
Construction and Operation 


Several tubes have been constructed in which the posi- 
tive column of a low pressure arc discharge is contained 
in a section of X-band waveguide. These were designed 
for switching pulsed signals and are fired only during the 
time that the signal to be switched is present. Tubes to 
switch CW power could be designed but an average 
discharge power of 40 to 100 watts would have to be dis- 
sipated in the tube. Also, CW switching is restricted to 
relatively low microwave power levels, probably in the 
tens of watts region, because the power required to 
maintain an existing discharge is considerably less than 
that required for the initial breakdown. The rate of elec- 
tron loss which governs the power required for break- 


8 Edgerton-Germeshausen and Greer, Inc., “Research Study on 
Hydrogen Thyratrons,” Final Rept. Contract DA 36-039-sc-15372; 


1953. 
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down is the diffusion rate of free electrons. For existing 
plasmas, the space-charge forces between electrons and 
ions give rise to the much slower ambipolar diffusion 
rate; 7.e., equal currents of ions and electrons leave the 
plasma, governed primarily by the rate of ion motion. 

Fig. 3 is a drawing of a typical tube. The waveguide 
section itself is used as the grid and the narrow walls are 
covered with a wire mesh which serves both as a grid 
and as a waveguide wall. The cathode and anode are 
mounted on opposite sides of the waveguide in separate 
housings, and waveguide pressure windows seal off the 
waveguide portion of the tube. The tube can also be 
constructed such that the anode and cathode are 
mounted on the broad wall of the waveguide, or on 
opposite sides of a coaxial line. The tube parts were 
constructed of copper, and a simple oxide-coated tung- 
sten coil was used as a cathode. A pulse-forming net- 
work provided the pulse energy for the tube. The cir- 
cuit was fed by 0-1000-volt, 0-50-ma power supply. The 
trigger voltage necessary to fire the tube varied be- 
tween 10 and 100 volts, depending upon the gas pres- 
sure. The trigger rise time should be of the order of 10~* 
seconds and should last for about 3/10 microsecond. The 
type of pulse-forming network depends on the length of 
the signal to be switched. It is also clear that if low to 
medium power CW signals are to be switched, a pulse- 
forming network is unnecessary. 


Insertion Loss 


The tube can be constructed to have essentially wave 
guide bandwidth in the unfired state. Fig. 4 is a plot of 
typical VSWR presented by the tube. The unfired inser- 
tion loss can be of the order of 1/10 db or less through- 
out the band. The insertion loss of the fired tube was 
tested against a calibrated waveguide attenuator. Fig. 5 
shows typical traces of the transmitted signal, both 
fired and unfired, indicating an insertion loss in excess 
of 67 db. The tube was fired approximately 0.5 micro- 
second before the beginning of the magnetron pulse. The 
complete absence of any spike leakage should be noted. 
This occurs because the electron density is already high 
enough to produce a very small transmission coefficient 
by the time the magnetron power is applied. As ex- 
pected, the gas pressure has a fairly profound effect on 
the transmitted energy, although over the range of 0.1 
to nearly 1 mm of Hg the transmission coefficient is 
essentially constant. Below these points spike leakage 
energy appears, and at greatly different pressures the 
insertion loss deteriorates markedly. At pressures in ex- 
cess of a few mm of Hg, high-voltage breakdown takes 
place and results in a continuous glow discharge through 
the tube. Most of the measurements were made with 
neon since it has both a relatively low ionization poten- 
tial, which should keep the power required to run the 
discharge low, and a low collision frequency, so that the 
microwave power dissipated in the discharge is low. 
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Fig. 3—Pulsed-arc discharge switch tube. 
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Fig. 5—Typical transmitted waveform. (a) Switch tube fired: no at- 
tenuation added at detector. (b) Switch tube unfires: 67-db at- 
tenuation added at detector. 
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Breakdown Power 


A discharge can be initiated by the microwave power 
itself, as in ordinary TR tubes. When this happens, con- 
trol is lost and the device is no longer switchable. The 
theory of microwave breakdown in a gas has been 
treated extensively by Brown.’ The exact treatment of 
this problem is fairly complex, but in essence the break- 
down power can be expressed as 


where wu; is the ionization potential, A is the geometri- 
cal diffusion length of the lowest diffusion mode, and 
D_ is the free electron diffusion coefficient, which is in- 
versely proportional to pressure. 

The measurement of breakdown power is quite 
simple. The power level was slowly increased until the 
transmitted pulse shape began to change. This took the 
form of a rapid change of attenuation at the end of the 
pulse. Fig. 6 shows breakdown data taken for neon and 
hydrogen plotted against 1/p. As expected breakdown 
for hydrogen occurs at higher powers, even though the 
ionization energy of neon is 21.6 electron volts while 
hydrogen is 15.7 electron volts. The diffusion coefficient 
for hydrogen is considerably greater than that for neon. 
At neon pressures less than 150 microns, the points 
deviate from this line toward higher breakdown powers. 
This is expected since the electron mean free path is 
now of the order of the switch tube dimensions and 
electron losses increase more rapidly. From these data 
it appears possible to obtain switches capable of con- 
trolling quite high peak pulse powers. Although the 
choice of gases may be limited, variations of the pres- 
sure, p, or the diffusion length, A, should allow switch- 
ing of peak pulse powers in the hundreds of kilowatts 
range. Since the diffusion length appears squared, min- 
imizing it rather than the pressure may be the most 
profitable way to insure good high peak power char- 
acteristics. 

It should be noted here that at high peak powers there 
is some tendency to clean up even noble gases. One 
hopes, therefore, to operate with as high a pressure as 
possible or, perhaps, with a small gas reservoir. 


Arc Loss 


Figs. 1 and 2 indicate that for plasma densities in the 
_order of 10" or 10" electrons per cc and v/w<1, the ex- 
pected arc loss should be very small. This is indeed true 
when the incident power is too low to cause extra 1oniza- 
tion in the plasma. Fig. 7 is a plot of arc loss vs power 
when the arc loss is defined by 


Pigeident — PRetlected 


Arc Loss in db = 10 log . 


P incident 
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Fig. 7—Arc loss vs input power. 


The transmitted power is assumed to be negligible. Both 
the low and high power ends of this curve show that the 
arc loss is indeed quite low. However, there is a maxi- 
mum in the medium power range where a larger per- 
centage of the energy of the power is being dissipated 
by the plasma. The increase in arc loss in the middle 
power ranges is probably due to increasing the density 
close to the microwave window. If an attempt is made 
to run the arc closer to the window, this curve will prob- 
ably flatten out. 
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Electron Density 


An estimate of the minimum electron density which 
was achieved during the arc can be obtained by measur- 
ing the recovery time of the tube as a function of the 
frequency of the signal being transmitted. A microwave 
source at milliwatt power levels in the range of 15 to 21 
kMce was used to probe the afterglow of the pulse dis- 
charge. If one assumes that recombination and attach- 
ment losses are negligible and that diffusion takes place 
in the lower diffusion mode, which should be true for 
times later than several microseconds, then the density 
should decay as a simple exponential with the period of 
the exponential being determined by the ambipolar 
diffusion coefficient for the gas used in the tube and the 
geometry of the structure. A semilog plot, of the recov- 
ery time of the tube as a function of frequency, should 
give a straight line plot, the intercept of which is a meas- 
ure of the zero time electron density. Fig. 8 shows such a 
plot. The calculated recovery period for this particular 
structure was 58 usec in close agreement with the meas- 
ured period of 56 usec and the zero time intercept was 
approximately 31 kMc. This gives an initial electron 
density in the lowest diffusion mode of approximately 
1X10" electrons per cubic centimeter. It is expected 
that the actual density during the discharge is some- 
what higher, since the density which decays by higher- 
order diffusion modes could not be measured in this way. 


Recovery Time 


The recovery time in this measurement was defined 
as that time required to reach the 3-db attenuation 
point after the end of the discharge pulse. The measure- 
ment was made during the interpulse recovery time of 
the switch by monitoring the transmission of a low 
level signal in the afterglow of the discharge. Fig. 9 
shows recovery time data for neon and hydrogen. The 
neon recovery is considerably faster than that shown in 
Fig. 8 due to voltage overshoot by the discharge network 
and consequent cleanup of the plasma during this over- 
shoot period. The recovery time is no longer governed 
entirely by the geometrical diffusion length A, but by a 
modified diffusion length, Apc, due to the presence of 
an electric field. 

For single mode diffusion the electron decay is ex- 
ponential. 


N= Noe", 


where 7=A?/D, and A? is lowest mode diffusion length 
of the structure. D, is ambipolar diffusion coefficient of 
the gas being used and # is the pressure. In the presence 
of an electric field A is modified to Ang 


1 1 jase, \~ 
2h + : 
WW iV my Ns 2D; 
where yp is the electron mobility in the gas and E is the 


electric field strength. For example, if E=16 volts/cm, 
A=;cmand D,/u=0.6 ev, the decay time 7 should be 
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Fig. 8—Recovery time vs frequency (pressure =0.15 mm Hg of neon). 
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Fig. 9-—Recovery time vs gas pressure. 


ten times faster than without an electric field. This indi- 
cates that a moderate voltage overshoot is a desirable 
design feature. 

Recent data for a hydrogen gas fill show a recovery 
time less than that for neon. Other data, not shown, in- 
indicate that the recovery time can be reduced below 1 
usec. 


Noise 


Only a tentative result on the noise measurement will 
be reported here, since an extensive measurement on 
the noise output of the switch tube was not undertaken. 

A reference noise source of a known output (~16 
decibel per megacycle) was used in series with the 
switch tube. An X-band superheterodyne receiver with 
a 10-Mc IF bandwidth and a balanced crystal mixer 


*R. M. Hill and S. K. Ichiki, “Microwave noise f l a 
sure axes,” J. Appl. Phys., vol. 31, p. 735; April, 1960. 
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was used to detect the noise. Between pulses there was 
no discernible noise, as expected. Initially, only a very 
sharp spike of —70 dbm amplitude and a duration of a 
fraction of a tenth of a microsecond was detected ap- 
proximately 0.05 usec after the switch tube was trig- 
gered. The sharp spike appeared to be generated by the 
ionization process of the discharge, and may be due to 
traveling space potential as described by Westberg."” 

At first no other noise could be detected, indicating 
that the switch tube noise was at least 10 db below the 
noise tube. As the tube aged, noise became discernibie 
in other parts of the pulse and increased monotonically 
until the cathode ceased functioning. The increased 
noise generation appears to be due to deposition of 
cathode material around the tube and on the grid. Sec- 


 R. G. Westberg, “Nature and role of ionizing potential space 
waves in glow to arc transitions,” Phys. Rev., vol. 114, pp. 1-17; April, 
1959. 
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ondary electron emission from the grid and other parts 
of the tube can take place by positive ion bombardment. 
It may be possible that thermionic emission from the 
grid may occur. These and the unstable cathode emis- 


sion probably contributed to the noise output of the 
tube. 


CONCLUSION 

Low-pressure, hot cathode are discharges offer con- 
siderable promise for the development of rapid, broad- 
band microwave switches and control devices. Plasma 
densities of the order of 10" per cubic centimeter can be 
achieved in fractions of a microsecond and dissipated in 
a few microseconds or less. The power level at which 
microwave capture of the switch occurs may be ad- 
justed by controlling gas pressure and geometry. Switch- 
ing action for switching a pulsed source is provided by a 


low level trigger (10-100 volts) which discharges a 
storage condenser through the switch tube. 


Characteristic Impedances of Broadside-Coupled 


Strip Transmission Lines* 


SEYMOUR B. COHNf, FELLOW, IRE 


Summary—Formulas are given for the even- and odd-mode 
characteristic impedances of shielded coupled strip-transmission- 
line configurations that are especially useful when close coupling is 
desired. Applications may be made to wideband coupled-strip-line 
filters, 3-db directional couplers, and many other components. The 
cross sections considered are thin broadside-coupled strips either 
parallel or perpendicular to the ground planes. Modification of the 
formulas for thick strips is discussed. The derivations are outlined, 
with particular attention given to the underlying assumption that 
restricts the use of the formulas to cases of close coupling. 


I. INTRODUCTION 
(Coe effects between parallel transmission 


lines have applications in the design of many 
components, such as filters,!:? directional cou- 


i ibed in 
URS d by the PGMTT, June 23, 1960. The work describe 
this Li Se aed at Stanford Res. Inst. with the support of 
ASRDL. 
Pee F Rantee Corp., Calabasas, Calif. Formerly at Stanford Res. 
k, Calif. ; ‘hs 
een jane ack J. T. Bolljahn, “Coupled-strip-transmission- 
line filters and directional couplers,” IRE TRANS. ON ea 
THEORY AND TECHNIQUES, vol. MTT-4, pp 75-81; Apri , 1956. a 
2S. B. Cohn, “Parallel-coupled transmission-line-resonator fi 3 
ters.” IRE TRANS. oN Microwavé THEORY AND TECHNIQUES, vol. 
MTT-6, pp. 224-231; April, 1958. 


plers,'** baluns,® and differential-phase-shift networks. 
Three useful coupled-strip-line configurations are shown 
in Fig. 1. The coplanar-strip cross section of Fig. 1(a) 
was analyzed previously and design data are conven- 
iently available,’ while the broadside-coupled strip-line 
cross sections of Fig. 1(b) and 1(c) are treated in this 
paper. In all three cases, the theory applies to strips of 
zero thickness, which may be approximated by metal- 
foil conductors sandwiched between dielectric plates 
filling the cross section. If air dielectric is desired, the 
strips must be given a moderate thickness to provide 


3 J. K. Shimizu, “Strip-line 3-db directional couplers,” 1957 IRE 
WESCON Convention Recorp, pt. 1, pp. 4-15. Re K 

4]. K. Shimizu and E. M. T. Jones, “Coupled-transmission-line 
directional couplers,” IRE Trans. on Microwave THEORY AND 
Tecunigues, vol. MTT-6, pp. 403-410; October, 1958. hie 

5B. M. T. Jones and J. K. Shimizu, “A wide-band strip-line 
balun,” IRE Trans. oN Microwave THEORY AND TECHNIQUES, 
vol. MTT-7, pp. 128-134; January, 1959. 

6B. M. Schiffman, “A new class of broad-band microwave 90 
degree phase shifters,” IRE Trans. on MicrowAvE THEORY AND 
TECHNIQUES, vol. MTT-6, pp. 232-237; April, 1958. : 

7S.-B. Cohn, “Shielded coupled-strip transmission lines,” IRE 
Trans. ON MicrowAvE THEORY AND TECHNIQUES, vol. MTT-3, 
pp. 29-38; October, 1955. 


634 


mechanical strength. In this case, adequate computa- 
tional accuracy may be obtained by suitably modifying 
the zero-thickness formulas. 

The coplanar configuration of Fig. 1(a) is particularly 
well suited to photo-etched strip-line circuits, but can- 
not be used where very close coupling is required. For 
example, in directional couplers having couplings 
greater than about —8 db, the spacing between the 
strips becomes prohibitively small. However, closer 
coupling may be obtained with a reasonable spacing if 
thick strips are used in the arrangement of Fig. 1(a).This 
is clear if one considers that a sizable parallel-plate ca- 
pacitance is added to the fringing capacitance between 
the two strips. To achieve close coupling with thin 
strips, a broadside coupling arrangement as in Fig. 1(b) 
and 1(c) is necessary. Both of these configurations have 
been used successfully in directional couplers having 
midband couplings as great as —2.7 db.* 

The details of the analysis of the two broadside- 
coupled strip configurations are not given here, since 
they involve a fairly routine application of the well- 
known Schwartz-Christoffel transformation method. 
However, the specific transformation geometries are 
described in Section IV, where they reveal a simplifying 
approximation that was made in each derivation. It is 
believed that the error in computed values of charac- 
teristic impedance due to these approximations will not 
be greater than about 0.1 per cent in close-coupling 
applications. The error increases as the coupling is de- 
creased, but is not likely to exceed 1 per cent in any 
practical application for which a_broadside-coupled 
strip arrangement would be preferred over a coplanar 
arrangement. The advantage gained by these approxi- 
mations is that the elliptic functions necessary in exact 
solutions are avoided, thus simplifying the use of the 
formulas, as well as their derivation. However, the 
reader will be interested to know that rigorous solutions 
valid for all values of the parameters have recently been 
carried out by Hachemeister.® 


II. FoRMULAS FOR BROADSIDE-COUPLED STRIPS 
PARALLEL TO GROUND PLANES 


Two orthogonal TEM modes can propagate on a 
pair of parallel-coupled transmission lines. These are 
the even mode, for which the respective voltages and 
currents on the two conductors are equal and of the 
same sign, and the odd mode, for which the respective 
voltages and currents are equal but of opposite sign. All 
other voltage, current, and field conditions on the con- 
ductors can be expressed as a linear combination of 
these two modes and, therefore, the complete perform- 
ance of the coupled conductors in a circuit may be com- 


8 C. A. Hachemeister, “The Impedances and Fields of Some 
TEM-Mode Transmission Lines,” Microwave Res. Inst., Polytechnic 
Inst. of Brooklyn, N. Y., Res. Rept. No. R-623-57, PIB-551, Con- 
pee No. AF 19(604)-2031, ASTIA Doc. No. AD-160802; April 16, 
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puted in terms of the characteristic impedances and 
propagation constants of these modes. It will be as- 
sumed that losses are small and that the cross sections 
are uniformly filled with a medium of relative dielectric 
constant €,, so that the characteristic impedances are 
essentially real, the attenuation is small, and the phase 
velocities are equal to c//eé, where c is the velocity of 
light in free space. 

The following formulas give the even-mode char- 
acteristic impedance, Zo-, and the odd-mode charac- 
teristic impedance, Z,., of each conductor with respect 
to ground for the cross section of Fig. 2. These formulas 
hold for any ratio of w/b and s/b, as long as w/s is 
greater than about 0.35: 


188.3 K(k’) 


Loe = ——= (1) 
Ve K(k) 
296.1 
Loy = : (2) 
\/é.-= tana & 
S 
where 
k=a parameter, 
k'=~/1-R?, 
K(k) and K(k’) =complete elliptic integrals of the 
first kind. 
(a) 


(b) 


(c) 


Fig. 1—Three useful configurations of very thin coupled strips 
between parallel ground planes. 


a2 
K—w—=s| A 


Fig. 2—Cross-section dimensions of broadside-coupled strips 
parallel to the ground planes. 
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The ratio w/6 is given by 


( ; b 
w 2 | Ss , 
=> — —7 tanh! —— 
b T b 
= | 
Ras 


— = tanh r ve 


The quantity K(k’)/K(k) has been tabulated vs k by 
Oberhettinger and Magnus.? With the aid of their 
table, a cross section may be designed in a straight- 
forward process to have the desired characteristic im- 
pedances Z,, and Z.o, as follows. First, from (1), solve 
for K(k’)/K(k). Next determine & from the above- 
mentioned table.’? Then, obtain 6/s from (2). Finally, 
calculate w/b from (3). 


b 
Foes 
Ay 


A. Simplification for (w/b) /(1—s/b) >0.35 


If, in addition to the condition w/s >0.35, one imposes 
the condition 


the fringing fields at opposite edges of the strips will be 
sufficiently isolated that fringing capacitances can be 
specified that are essentially independent of the strip 
width. Then, the characteristic impedances are given 


by 


L883) /e. 
Lg = : (4) 
w/b Che 
+ 
1 — s/b € 
and 
188.3 /+/e, 
yar t a (5) 
w/b WwW OS 
seg ae 


where the fringing capacitance, C;.’, is the capacitance 
per unit length that must be added at each edge of each 
strip to the parallel-plate capacitance so that the total 
capacitance to ground for the even-mode field distribu- 
tion will be correct. C;.’ is the corresponding quantity 
for the odd mode, and « is the absolute dielectric con- 

* F. Oberhettinger and W. Magnus, “Anwendung der Elliptischen 


Functionen in Physik und Technik,” Springer-Verlag, Berlin, Ger- 


many; 1949, 
10 For k small, one may use 
K(k) 2 , 4 


Pale Cie Og 
K(k) € k 

The error in this formula Leas with k, being about ¢ 

for k=0.2, and 1 per cent for k=0.3 


per cent 
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stant, equal to 8.85 €, mmf per meter. The fringing 
capacitances are functions only of s/b, and are given by 


1 1 
= 0.4413 + ~ | tog (=) 
7 1 — s/b 


aie hs ~ | 6 
ieee peas (0) 


Get ak ( 1 ) i s/b b | (7) 
= —| log. ie, 
€ T 1 — s/b 1— s/b 2 5 


Eqs. (6) and (7) are plotted vs s/b in Fig. 3. 


Cy sf 


€ 


B. Effect of a Small Thickness of the Strips 


When foil strips are used in the cross section of Fig. 2, 
the strip thickness of about 0.0015 inch is usually not 
great enough to affect seriously the zero-thickness 
values of Cy.’/e and Cy,’/e, but it can have an appreci- 
able effect on the parallel-plate capacitance between 
the strips in the odd-mode case, depending on how the 
dimension s is defined. In the usual case of s/b <0.5, s 
should be taken to be the spacing between the strips, as 
in Fig. 4; then (1)—(3) or (4)—(7) may be used with good 
accuracy. For greater strip thickness, the fringing 
capacitances will be larger than the values given by (6) 
and (7) and Fig. 3. The parallel-plate capacitance be- 
tween each strip and its adjacent ground plane will also 
be increased. A paper on thickness corrections that 


ie} 0.1 0.2 03 04 0.5 0.6 0.7 0.8 09 1.0 
s/b 


Fig. 3—Even- and odd-mode fringing capacitances for broadside- 
coupled very thin strips parallel to the ground planes. 
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Fig. 4—Thick strips in the broadside-coupled parallel arrangement. 
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applies to this and numerous other practical configura- 
tions is published in this issue." 


III. ForMULAS FOR BROADSIDE-COUPLED STRIPS 
PERPENDICULAR TO GROUND PLANES 


The even- and odd-mode characteristic impedances 
of the cross section of Fig. 5 are given by these formulas: 


188.3 K(k) 
Loe = = a (8) 
ee KR) 
296.1/./e, 


(9) 
b 1 
= COSmL Kk = LOR sa 
s k 


where & is a parameter and k’, K(k), and K(k’) are as 

defined in Section II. The ratio w/d is given by 

Les 
k’ 


w u b 
=— tan-?| = SS 

b T k i 

1+ — — 

k b 


ie 
— = tanh-* | j z sl (10) 
igus 
EAE eae stre 


The inverse cosine and tangent functions in (9) and 
(10) are evaluated in radians between 0 and 7/2. As in 
the case of broadside strips parallel to the ground planes, 
the dimension ratios may be determined in a straight- 
forward manner for given values of Z,. and Z... With 
the aid of the table of K(k)/K(k’) vs k in Oberhettinger 
and Magnus,’ the parameter k is determined from (8). 
Then b/s is obtained from (9), and finally w/b from (10). 

Eqs. (8)—(10) are accurate for all values of w/b and 
s/b, as long as w/s is greater than about 1.0. As s/b is 
made small compared to 1.0, the formulas remain ac- 
curate for smaller values of w/s. This range of validity 


covers all practical cases except that of very loose 
coupling. 


A. Effect of a Small Thickness of the Strips 


In the case of foil strips, the effect of strip thickness 
can be neglected if s is defined to be the spacing between 
the strips, as shown in Fig. 6. For thicker strips the 
formulas should be used with discretion. A companion 
paper on thickness corrections, referred to in Section IT, 


will enable an improvement in accuracy in the case of 
thick strips.!! 


11S, B. Cohn, “Thickness corrections for capacitive obstacles and 
strip conductors,” this issue, p. 638. 
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Fig. 5—Cross-section dimensions of broadside-coupled strips 
perpendicular to the ground planes. 
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Fig. 6—Thick strips in the broadside-coupled, 
perpendicular arrangement. 


1V. COMMENTS ON THE DERIVATIONS 


The formulas in this paper were derived by the 
Schwartz-Christoffel conformal-transformation meth- 
od.!2)13 This method enables one to evaluate the capaci- 
tance and characteristic impedance between straight- 
sided conductors when the problem can be reduced 
to two dimensions, as in the cross-section plane of a 
transmission line. By means of one or more transfor- 
mations in the complex plane, the boundary of the 
cross section is transformed into a simpler boundary 
for which the solution is known. Then because of the 
special properties of the conformal transformation, the 
capacitance and characteristic impedance of the 
original boundary are equal to the respective quantities 
of the transformed boundary. 

Fig. 7(a) shows the cross section of broadside-coupled 
strips parallel to the ground planes. Vertical and hori- 
zontal planes of symmetry are indicated, and because 
of this symmetry the solution can be obtained from the 
geometry of Fig. 7(b), which is the upper right-hand 
quarter of the complete cross section. The boundary in 
Fig. 7(b) consists of half of the upper ground plane, the 
two sides of half of the upper strip, two vertical mag- 
netic-wall segments, and a horizontal plane which is a 
magnetic wall for the even-mode case and an electric 
wall for the odd-mode case. In addition, the open end of 
the boundary is assumed to be closed at infinity. An ex- 
act solution of Fig. 7(b) requires elliptic functions. In 
order to avoid these functions, it is necessary to reduce 
the number of right-angle corners in the boundary. One 
way of doing this is shown in Fig. 7(c), where the lower 


2 W. R. Smythe, “Static and Dynamic Electricity,” McGraw- 
Hill Book Co., Inc., New York, N. Y., 1st ed., p. 80 ff.; 1939. 

8 E. Weber, “Electromagnetic Fields,” vol. 1, John Wiley and 
Sons, Inc., New York, N. Y., p. 325 ff.; 1950. ‘ 
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vertical segment of magnetic wall is shifted to minus 
infinity. The new boundary is not exactly equivalent to 
Fig. 7(a) but the approximation is excellent in the usual 
case of w>s. In that case it is clear that for the even 
mode very little electric-field energy penetrates into the 
region on the left of the x=0 plane in the lower left- 
hand part of Fig. 7(c), while for the odd mode, the 
electric field is virtually uniform in that region. Thus 
very good accuracy is obtained in the even-mode case 
by evaluating the total capacitance between the con- 
ductors of Fig. 7(c) and assuming it to be equal to the 
capacitance of Fig. 7(b), and in the odd-mode case by 
calculating the total capacitance minus the parallel- 
_plate capacitance between x=0 and x= — ~. This pro- 
cedure has been followed in the derivation of (1)—(3), 
and no further approximations were made. Experience 
with other geometries of strip conductors indicates that 
an accuracy of the order of 1 per cent should ensue for 
w/s as low as 0.35, and of the order of 0.1 per cent for 
w/s greater than 1.0. 

A similar approximation was made in the analysis of 
broadside-coupled strips perpendicular to the ground 
planes. The cross section is shown with its symmetry 
planes in Fig. 8(a), and the exact quarter model is 
shown in Fig. 8(b). As in the previous case, elliptic 
functions are needed in the solution of Fig. 8(b), but are 
avoided in the solution of Fig. 8(c), which is the ge- 
ometry that was used in the derivation of (8)—(10). The 
total even-mode capacitance in Fig. 8(c) is assumed 
equal to the even-mode capacitance in Fig. 8(b), while 
the total odd-mode capacitance minus the parallel 
plate capacitance from y=0 to y= — © is assumed equal 
to the odd-mode capacitance in Fig. 8(b). The consid- 
erations about accuracy are the same as in the previous 
case, but it is believed that w/s should not be made 
smaller than 1.0 unless further evidence justifies a 
lower limit. 
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Fig. 7—Boundaries considered for the broadsi «- 
coupled parallel case. 
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Fig. 8—Boundaries considered for the broadside- 
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Thickness Corrections for Capacitive 
Obstacles and Strip Conductors* 


SEYMOUR B. COHN], FELLOW, IRE 


Summary—Capacitive thickness corrections are derived exactly 
for two basic geometries involving pairs of semi-infinite plates. In one 
arrangement the pair of plates are coplanar, while in the other they 
are parallel to each other. In each case the total capacitance per unit 
length between the pair of plates is infinite, but the incremental in- 
crease of capacitance when the thickness is increased from zero to a 
value ¢ is finite. These capacitance increments are evaluated, and it 
is shown how they may be used as approximate thickness corrections 
in a great varity of more complicated geometries involving capacitive 
obstacles in waveguide, coaxial line, and artificial dielectric media. 
They may also be applied to coupled-strip-line conductors. As exam- 
ples, the corrections are applied in detail to a waveguide iris, and to 
three useful coupled-strip-line cross sections. 


I. INTRODUCTION 
So for many capacitive-obstacle and 


strip-transmission-line cross sections are available 

only in the case of zero-thickness conductors. If 
the conductors are sufficiently thin, as in the usual 
photo-etched strip-line circuit, the accuracy of the solu- 
tion will be good, but in numerous practical microwave 
structures finite thickness has a large effect. Except in a 
few simple cases, exact solutions for the parameters of 
cross sections containing thick edges are very difficult to 
achieve. In order to alleviate this problem, two basic 
thick-edge cross sections are considered in this paper, 
and the increase in capacitance due to finite thickness is 
given for each case. These capacitance increments may 
be applied as corrections to a wide variety of practical 
structures for which the zero-thickness solutions are 
either available or obtainable. 

The two basic cross sections treated in this paper are 
shown in Fig. 1. One consists of a pair of semi-infinite 
thick plates in a coplanar arrangement [Fig. 1(a) |, 
while the other consists of a pair of semi-infinite thick 
plates in a parallel arrangement [Fig. 1(c)]. In each 
case, an electric wall may be inserted in the plane of 
symmetry, thus creating the unsymmetrical equiva- 
lents shown in Fig. 1(b) and 1(d). The total capacitance 
between the semi-infinite conductors are C,'/(t/s) and 
C2'(t/s) farads per unit length, respectively, in which 
the prime mark indicates that the capacitance is com- 
puted for one unit of length of the cylindrical conduc- 
tors. Because the plates are semi-infinite, C,/(t/s) and 
C2/(t/s) are infinite. However, the incremental increase 
in capacitance when ¢ is increased from zero with s held 
constant is a finite quantity. This increment of ca- 
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Fig. 1—Basic semi-infinite plate cross sections. (a) and (b) Coplanar 
arrangement and unsymmetrical equivalent. (c) and (d) Paral- 
lel arrangement and unsymmetrical equivalent. 


pacitance is defined in each case as follows: 


ACi,2'(t/s) = Cy,2/(t/s)-— C1,2'(0). (1) 


If one considers the field-distribution patterns for 
t=0 and for t>0, one realizes that they differ mainly 
near the plate edges, with negligible difference far from 
the edges. Thus the increments ACj’(t/s) and AC.’(t/s) 
arise from field distortions close to the edges, and their 
values would be affected only very slightly if additional 
structural surfaces were present at locations relatively 
distant. Consequently the capacitance increments de- 
rived for Fig. 1(a) and 1(c) may be used as thickness cor- 
rections in the case of more complex cross sections for 
which zero-thickness solutions can be obtained. 

Fig. 2 shows a number of practical configurations to 
which the capacitive increment for the coplanar-plate 
case may be applied as a thickness correction. Solutions 
valid for zero thickness are already available for most of 
these,‘ and are feasible to obtain for the others. In the 
coaxial-line cases, the total correction is 2rr,-2AC,'(t/s), 
where r, is a judiciously chosen radius between that of 


1N. Marcuvitz, “Waveguide Handbook,” McGraw-Hill Book 
Co., Inc., New York, N. Y., pp. 218-221; 1951. 

2 Ibid., pp. 229-238. 

8S. B. Cohn, “Shielded coupled-strip transmission line,” IRE 
TRANS. ON MICROWAVE THEORY AND TECHNIQUES, vol. MTT-3, pp. 
29-38; October, 1955. 

ao SUB: mee he. ae metal-strip delay structure for 

microwave lenses,” J. Appl. ys., vol. 20, pp. 251-262; Mar 
1949. Also, “Addendum,” p. 1011; October, 1949, a 
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Fig. 2—Practical cases where the coplanar plate thickness correction 
may be applied. (a)-(e) Examples of capacitive obstacles of mod- 
erate thickness in waveguide and coaxial line. (f) Metal strip arti- 
eT dielectric medium. (g) Coplanar coupled strip line in odd 
mode. 


the disk and that of the outer conductor. In order for the 
correction to apply accurately to the cases in Fig. 2, it is 
necessary that s/A, and s/r be sufficiently small com- 
pared to unity (A, is the guide wavelength and r is the 
distance from the center point of the symmetrical con- 
figuration to the nearest extraneous surface). Fortunate- 
ly, these requirements are not very stringent. On the 
basis of a study of the waveguide iris of Fig. 2(a) (see 
Section IV), it is believed that the correction will usually 
yield good results for s/A, as large as 1/4, and s/r at 
least as large as 1/2. 

Fig. 3 shows situations in which the capacitive incre- 
ment for the parallel-plate case may be applied. Formu- 
las for the odd- and even-mode characteristic imped- 
ances of the coupled-strip lines in Fig. 3(a) and 3(b) 
have recently been given in another paper, assuming 
zero thickness.’ As shown in Section V, the capacitive 
increment for the parallel-plate case may be used to 
compute a thickness correction for the odd mode. Fig. 
3(c) shows a strip conductor over a ground plane, for 
which the same correction term is applicable. Fig. 3(d) 
shows an example of a coaxial cavity containing a Ca- 
pacitive disk closely spaced from an end wall. Here, 
also, an effective radius 7, must be judiciously chosen, 
yielding a total thickness correction AC=2mr,-2AC2(t/s). 
This problem has been considered in detail by the 
author, and has resulted in formulas for the resonant 
frequency and unloaded Q of coaxial cavities of the 
type shown in Fig. 3(d). The minimum allowable dis- 
tance from the edges to the nearest extraneous surface 
in the configurations of Fig. 3 cannot be determined 


5S. B. Cohn, “Characteristic impedances of broadside-coupled 
strip transmission lines,” IRE TRANS. ON MICROWAVE THEORY AND 
TECHNIQUES, this issue, p. 633. 
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Fig. 3—Practical cases where the parallel-plate 
thickness correction may be applied. 


precisely. However, it is expected that good results will 
usually be obtained for (s+ 2¢)/7 as large as 1/2, and for 
(s+2t)/d, as large as 1/4. 


Il. THICKNESS-CORRECTION TERM FOR 
COPLANAR PLATES 


As derived in Appendix I, the incremental capaci- 
tance per unit length is as follows for the coplanar plates 
of igs ita): 


VaK(g)\ a4 e 
(k) — (1/2)k ) (2) 


2e 
(Ga Si ] = 
Bos) vg ‘ | Vk 


where the parameters & and k’ are solved from the fol- 
lowing equations as functions of t/s: 


Lek: 


5 KH) = BY) 
s 2| aw) - = x0 | ‘ 
5 (Rk) 


k= V1 — RP. (4) 


The units of AC;/(¢/s) are the same as those of the per- 
mittivity e, which for free space has the value 8.85 
(10)—-” farads per meter, 0.0885 wuf per cm, or 0.225 up 
per inch. K(k) and E(k) are complete elliptic integrals 
of the first and second kinds, respectively. 

Eqs. (2)-(4) have been computed, and the resulting 
curve is given in Fig. 4. The procedure used was first to 
select values of k, and then to calculate the correspond- 
ing values of AC,’ and t/s. The quantity plotted is 
[ACi/(t/s) —et/s|/e, in which the term é/s is the 
parallel-plate capacitance per unit length neglecting 
fringing. By subtracting this parallel-plate term from 
AC;', the curve is made to approach a constant value 
as t/s is made large enough so that the fringing fields on 
the two sides of the configuration become independent. 
It is seen that this occurs for t/s>1. The limiting value 
of AC’ for t/s>1 is of interest. With the aid of limiting 
values of the elliptic integrals, one may show this to be 
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ANC t Dy, Tv 
=—+—(1+In—)= 
€ 5 T 8 


The curve approaches zero as t/s goes to zero. For 
t/s<0.001 the correction is very small, so that param- 
eter values for zero-thickness cases may be used with 
high accuracy. For t/s>0.5, the correction is essentially 
constant, so that data for isolated step discontinuities 
may be applied accurately. The range 0.001 <t/s <0.5 
is, therefore, the region of interest for which the thick- 
ness correction presented here is needed. Most practical 
capacitive-iris structures fall within this range. 


t 
2S 0415" (5) 
S 


Ca lu 6 Vif 00 GL 
= | i 
0.04} >t 
| vo 
a s 
v aL 
3 O05) al 
SS =,| 
“ , 
So C,(t/s)-C; 
~— 002 
= 
J 


0.005 00! 002 OCSNNLON 02 05 
t/s 


Fig. 5—Plot of parallel-plate capacitance correction. 


III. THicKNESS-CORRECTION TERM 
FOR PARALLEL PLATES 


The following formula is derived in Appendix II for 
the incremental capacitance per unit length of the par- 
allel plates of Fig. 1(c). 


€ t t t t 
[+ —) in (tt )- In fh (6) 
2a § 5 5 5 


Eq. (6) is plotted in Fig. 5. 


AC2’(t/s) = 


IV. EXAMPLE oF THICK CAPACITIVE 
IRIS IN WAVEGUIDE 


The manner in which the thickness correction may be 
applied to practical configurations will be illustrated by 
the example of a thick capacitive iris in waveguide. 
(This case has also been treated by Marcuvitz by dif- 
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ferent methods.*) Fig. 6(a) shows a longitudinal E- 
plane section through a rectangular waveguide con- 
taining a zero-thickness, perfectly conducting, sym- 
metrical capacitive iris. It is assumed that only the TE1 
mode is propagating. In the limiting case of b/d,—9, 
the equivalent normalized susceptance of the iris! is 


B 4b TS 

— = —Incsc{ — ], 

Vipl aXe 2b 
where B is the susceptance of the iris, Yo is the char- 
acteristic admittance of the waveguide, A, is the guide 


wavelength, and } and s are dimensions defined in Fig. 
6(a). 


(7) 
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Fig. 6—Capacitive obstacle in rectangular waveguide for (a) very 
thin, (b) moderately thick, and (c) very thick cases. 


In applying the capacitive thickness correction, it is 
necessary to employ an equivalence theorem between 
E-plane structures in TEj-mode rectangular waveguide 
and in TEM-mode parallel-plane transmission line. If 
the structure has the same boundary in all longitudinal 
E-plane sections in both cases, then the normalized ele- 
ment values of the waveguide equivalent circuit are 
identical to those of the parallel-plane equivalent cir- 
cuit, if A, of the TE mode is used in place of \ of the 
TEM mode.’ The normalized susceptance increment 
due to thickness may therefore be evaluated in terms of 
AC’ as follows. Assume a parallel-plane TEM-mode 
transmission line with £-plane dimension 6 and H-plane 
dimension a. The characteristic admittance is Yo 
= (a/b) Ve/u mhos, where ¢€ and mare the permittivity 
and permeability of the filling medium in mks 
units. The susceptance increment is AB=awACj/ 
=2raAC;'/A./eu. Hence, the normalized susceptance 
increment due to thickness is 


AB 2rb IN Gall 
Yo 3 IN (S 


6 Marcuvitz, op. cit., pp. 248-255 and 404-406, 
‘C. G. Montgomery, R. H. Dicke, and E. M. Purcell, “Principles 
of Microwave Circuits,” McGraw-Hill Book Co., Inc., New York, 
N. Ys, p. 172: 1948. 
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By virtue of the equivalence theorem, the correspond- 
ing quantity in rectangular waveguide is 


27b NG 


SS SS > ) 8 
Y Ne € oS 


where AC,’/e is obtained as a function of t/s from (2)— 
(4), or from the graph in Fig. 5. 

In addition to the increase in capacitive susceptance, 
thickness also requires a series inductive reactance to 
be added to the equivalent circuit, as shown in Fig. 6(b). 
This reactance represents the magnetic-field energy in 
the gap region of the thick iris. In the parallel-plane 
case, the inductance of this region is simply L=upts/a, 
' while the characteristic impedance is Zo= V p/e(b/a). 
Therefore, the normalized reactance is wl /Z)= 2mts/rb. 
In waveguide, this becomes, 


ol 2rts 
a (9) 
Zo dgd 


An interesting check on the thickness correction may 
be obtained in the very thick iris case of Fig. 6(c). If 
t/\gK1 and t/s>1, the total shunt susceptance is ob- 
tained by adding (7) and (8), with the aid of (5): 


B 4d TS wt ar 
| = — | Inese( )+ +1+I1n i (10) 
Vig meiAg 26 2s 8 
In the limit s/b—0, this reduces to 
B 4b b wt 
= (in +14 ‘ (11) 
Yo Ne As 25 


The total susceptance for this case may also be evalu- 
ated by adding the parallel-plate capacitance to two 
times the step discontinuity capacitance. The normal- 
ized shunt susceptance appropriate to the parallel-plate 
capacitance is (27t/\,) (b/s), while the normalized step 
discontinuity susceptance® in the limit s/b—-0 is 
(2b/d,) [In(b/4s) +1]. The total shunt susceptance is, 
therefore, 


2rtb 


B 2b b 
es 2( In + 4)+ 
Yo hye 4s Ags 


(12) 


This agrees exactly with (11), which was obtained by 
adding the thickness correction to the zero-thickness 
value. It should be remembered that this exact agree- 
ment assumes s/b<1. However, more detailed calcula- 
tions have indicated close agreement for s/b <0.25, and 
fair agreement for s/b at least as large as 0.6. 


8 Tbid., pp. 307-310. 
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V. EXAMPLES OF THICK COUPLED STRIPS 
A. Coplanar-Coupled Strip Line 


The coplanar-coupled strip transmission line of Fig. 7 
will now be considered. The odd- and even-mode char- 
acteristic impedances of one strip to ground are related 
to the odd- and even-mode capacitances per unit length 
of one strip to ground by, respectively, 


Fig. 7—Coplanar coupled-strip transmission line. 


where uw and ¢€ are the permeability and permittivity of 
the filling medium in mks units. First consider the odd 
mode. Symmetry permits a vertical electric wall to be 
inserted between the strips, reducing the cross section 
to that of Fig. 7(c). The characteristic impedance and 
capacitance per unit length of Fig. 7(c) are Z,. and Co’, 
the quantities desired. In general, C,,’ is a function of 
the dimension ratios w/b, s/b, and t/b. For t/b=0 [Fig. 


7(a)|, 
C C : -) C (= 2 ) 
00 b ) b ) b 00 b b ) 


which may be obtained exactly from Cohn.*? For 
t/b>0, b should be increased by ¢ to b’=b-++#, as shown 
in Fig. 7(b) and 7(c), so that the proportions above and 
below the strips will be unchanged. Then the thickness 
effect at the strip edges adjacent to the gap s requires 
the addition of 2ACi'(t/s) to Coo’(w/b, s/b, 0). The gap 
s is assumed to be small enough compared to 6/2 and w 
for ACy'(t/s) to apply accurately (s<b/4 and s<w/2 are 
probably sufficient). At the strip edges remote from the 
gap, the thickness effect requires the addition of 
2C,’(t/b') —2C,'(0), where C;’(é/b') is the fringing 


(14) 
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capacitance to ground per unit length from each corner 
of a semi-infinite plate of thickness t midway between 
infinite ground planes of spacing b’, and C;’(0) is the 
same for {=0. Values of C;’(t/b’) may be obtained from 
(5) or Fig. 3 of Cohn.® Hence for ¢>0, 


- t Si 
Gall = she =) = Cos’ (=. —, 0) + 2ACy'(i/s) 
b! b’ b’ b b 


+ 2C;'(t/b").— 2C;'(0). (15) 

For the even mode, the two strips are at the same po- 
tential, so that AC,'(t/s)-does not apply. Eq. (18) of 
Cohn* may be used to obtain a good approximation to 
Zoe OF Coe’. Or, for s/b small, another very good approx- 
imation is 


Ww S t 
Gra Gi ev. =) 
i oe! 
ou (= : 0) + 2c/(—) 2C/'(0), (16) 
— oe b , rik ENS) b’ f ? 


where C,,.’(w/b, s/b, 0) is the even-mode capacitance to 
ground per unit length for zero-thickness strips, obtain- 
able exactly from Cohn.’ 


B. Broadside-Coupled Strip Line 


Formulas valid for zero thickness have been obtained 
for the even- and odd-mode characteristic impedances 
of the two broadside-coupled strip cross sections of Figs. 
8(a) and 9(a). The corresponding capacitances per unit 
length of one strip to ground, C,,’(w/b, s/b, 0) and 
Coc’ (w/b, s/b, 0), are related to these characteristic 
impedances by (13). 

First consider the odd mode in Fig. 8. For #>0, the 
proportions above and below the pair of strips may be 
preserved by increasing the plate spacing to b’=6b+2t. 
The odd-mode potential distribution permits insertion 
of an electric wall at ground potential between the 
strips, reducing the cross section to that of Fig. 8(c). 
The characteristic impedance of the latter cross section 
is the quantity desired. This may be obtained from the 
capacitance per unit length of the odd mode, which is 
approximately as follows, 


Ww Ss t 
= Cog (=. 3 0) + 4AC,! (-). (17) 
b b 5 


9S. B. Cohn, “Problems in strip transmission lines,” IRE Trans, 
oN Microwave THEORY AND TECHNIQUES, vol. MTT-3, pp. 119- 
126; March, 1955. 
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Fig. 8—Broadside coupled-strip transmission line; 
strips parallel to ground planes. 


For the even mode, if ts, the capacitance per unit 


length is, 
wy ase Oy wis! 
cal (=, = )=c1 (2, =, 0), (18) 
Bie EO Ss 5 i 
in which s’=s+2¢. If ts, then 
Worn S 2 ee 1 w # 
Ce ( ) ) ) = Cal ( , ), (19) 
a ams fi b’. w 


where C,’(w/b’, t’/w) is the characteristic impedance of 
a single strip of width w and thickness ¢’ midway be- 
tween ground planes spaced by }b’=6+22.9!° Here, 
t'=s-+2t. In the usual case of close coupling, (18) and 
(19) will agree very closely for any values of f and s. 

Now consider Fig. 9. The odd-mode characteristic 
impedance of Fig. 9(b) is equal to the characteristic 
impedance of the reduced cross section shown in Fig. 
9(c). The capacitance per unit length of the latter cross 
section is 


Ww S t 
bes 
b b s 
C € : 0) +4 cr(_ 
=> he Sa oe A 4 wc . 20 
b b (~) co 
For the even mode, if ts, 


{@ S t ws! 
Coe | So GS ee A 
b b Ss b b 


al si H. T. Bates, “The characteristic impedance of the shielded 
slab line,” IRE Trans. oN Microwave THEORY AND TECHNIQUES, 
vol. MTT-4, pp. 28-33; January, 1956. 


(21) 
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Fig. 9—Broadside coupled-strip transmission line; 
strips perpendicular to ground planes. 


in which s’=s+2t. If t>s, 


ee ee 1 w, 
Gare Ps ) a (GG >} ) 
bm Or PS 2 b wy’ 
where w’=s+2t and t’=w. Again, there will generally 


be little difference between (21) and (22) in the usual 
case of close coupling. 
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z PLANE 


Fig. 10—Coplanar semi-infinite plate boundary in z plane. 


where k=1—k” is a real, positive parameter between 0 
and 1 that may be solved as a function of t/s from the 
following equation: 


b  K(R) — 2B(R') + BK(R) 
s  2[2E(k) — k2K(k)| 


(24) 


The symbol u is a complex variable that is a function of 
z=x-+yjy, and sn(u, k) is an elliptic function."»2 The 
transformation relating z and u is 


cn(u, k)dn(u, k) 


sn(u, k) ae (25) 


yey att 


VI. CONCLUSIONS 


Practical geometries containing thick capacitive ob- 
stacles or strips can seldom be solved rigorously, al- 
though solutions are frequently possible if zero thickness 
is assumed. The approximate thickness corrections de- 
rived in this paper may be applied to many practical 
cross sections for which zero-thickness solutions are 
available or can be obtained. The examples treated 
demonstrate the simplicity of this method. 


APPENDIX I 
DERIVATION OF ACj’(t/s) 


The derivation of (2) and (3) is based on a conformal- 
mapping analysis by Davy"! of the double-semi-infinite- 
plate boundary shown in Fig. 10. He obtained the fol- 
lowing formula for the capacitance per unit length be- 
tween the two plates over the regions QBCDP and 
Q’B’'C'D’'P’ of the boundary: 

— = In [k sn? (u2, 2], (23) 
TT 


GH = 


| | Leal : 


2E(k) — k’2K(k) 2 


where zn, cn, and dn also are elliptic functions. 
At point P between D and E on the boundary, w is 

negative real, approaching zero as y2 approaches infinity. 

The following limiting values are valid for u—0: 

dn(u, k) > 1 

zn(u, k) > [1 — E(k)/K(k) ]u. 


sn(u, k) > u 
cn(u, k) > 1 (26) 
Substituting these in (25) we obtain in the limit ~—0, 


A) 


* 2[2E(b) — BKB) |(—s) rae 
while (23) reduces to 
; € 1 
OS ( —_). (28) 


uN, Davy, “The field between equal semi-infinite rectangular 
electrodes or magnetic pole pieces,” Phil. Mag., vol. 35, ser. 7, pp. 
819-840; December, 1944. 

22, Oberhettinger and W. Magnus, “Anwendung der Ellip- 
tischen Funktionen in Physik und Technik,” Springer-Verlag, Berlin, 
Ger., 1949, 


644 


Combining (27) and (28) leads (in the limit ye) to 
the following: 


OOP SP me 2y0 oO | 50 
at (> )-=n| = vi ie 


This may be simplified for ¢/s—0, since then k—-1, 
k'—0, E(k) 1, and k”?K(k)—0. Thus 


2 2 dy 
cr(o,) = In Z : 


Ss T 5 


(30) 


Now we shall define the capacitance increment AC;’(t/s) 
by 


t 2 ye 
AC\'(t/s) = lhbon | cv & ) =) = Cy (0 *y] . (31) 
yx 0 Sl Ss AY 


Eq. (2) now follows directly from (29)—(31). 


APPENDIX II 


DERIVATION OF AC,’ (t/s) 


The derivation of (6) will be outlined to illustrate the 
method of analysis, but with intermediate steps omitted 
for brevity. 

E. Weber® gives the transformation z=f(w) that re- 
lates the z and w planes in Fig. 11 such that all the con- 
ducting boundaries in the z plane are transformed into 
the real axis of the w plane. The top, bottom, and end of 
the semi-infinite plate in the z plane transform into the 
negative real axis of the w plane, while the infinite 
boundary at ground potential in the z plane transforms 
into the positive real axis of the w plane. A minute break 
in the real axis may be assumed at u=0 to permit the 
discontinuity in potential. 

The electric-field lines above and to the right of the 
plate in the z plane become semicircles as | z| becomes 
large. Below the plate, the field lines become straight 
vertical lines as x recedes to minus infinity. In the w 
plane, all electric-field lines are semicircles with center 
at w=0. 

The capacitance per unit length in the w plane due to 
the electric flux contained between field lines of radius 
Ua and up is 


(32) 


_ %E. Weber, “Electromagnetic Fields, Vol. 1,” John Wiley and 
Sons, Inc., New York, N. Y., p. 351, (55); 1950. (Note that p should 
be related to k by p=2k?—1+2k./k?—1.) 
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Fig. 11—Transformation between z and w planes 
used in derivation of AC,’(t/s). 


Let points za=Xat+j0 and 2,=x,+j0 correspond to 
Wa=UatjO and w=u,+ 0, respectively. Because of a 
basic property of conformal transformations, we know 
that the capacitance per unit length in the z plane due 
to the electric flux contained between field lines termi- 
nating at x, and x is exactly equal to C,,’. Now, if ¢ is 
reduced to zero with s unchanged, points x, and x, move 
to Xqo and xXyo, with the capacitance per unit length still 
equal to the same value, C,»’. But in comparing the t=0 
and ¢t>0 cases, we must evaluate the capacitances be- 
tween the same points on the x axis. Let these points be 
Xao9 and Xs in both cases. Then for t>0 and x very large, 
the electric flux terminating between x, and x» adds 
Xo 


€ 
AC,’ = — In — 
T Xp 


(33) 


to Ca’, while the flux terminating between x, and xo 
adds 


(34) 


The total difference in capacitance per unit length be- 
tween the values for t>0 and t=0 is therefore 


AC,’ + AC,’ = 2AC3'(t/s), (35) 


where AC,’(t/s) is the thickness-effect increment for the 
symmetrical parallel-plate configuration. Carrying the 
above steps out in detail leads to (6). 
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Inhomogeneous Quarter-Wave Transformers 
of Two Sections* 


LEO YOUNG}, sENIOR MEMBER, IRE 


Summary—An inhomogeneous transformer is defined as one in 
which the guide wavelength is a function of position; for a homogene- 
ous transformer, the guide wavelength is independent of position. 

A previous paper! has dealt with inhomogeneous transformers 
of one section; the existence of an optimum design (which is never 
homogeneous) was demonstrated. The mathematical tools for in- 
homogeneous transformers of two or more sections have been pre- 
sented in another paper.? Our purpose here is to apply these results 
to the solution of the two-section inhomogeneous transformer. 

The maximally flat ideal transformer was solved exactly and the 
design equations verified by subsequent numerical analysis. An 
approximate procedure to improve the performance over a finite 
bandwidth (similar to the Tchebycheff response of homogeneous 
transformers) is also explained. 


INTRODUCTION 
"A | YHE NEED for inhomogeneous transformers may 


arise when it is desired to connect two waveguides 

of different dimensions. Consider, for instance, 
rectangular waveguide of dimensions a Xb (Fig. 1). The 
guide wavelength depends only on the width a. If two 
waveguides differing only in their 6 dimensions are to be 
connected, then a homogeneous quarter-wave trans- 
former is possible (but not necessary and probably not 
optimum!). It has been shown on a first-order theory 
that where a homogeneous transformer is possible, the 
shortest maximally flat transformer is a quarter-wave 
transformer.*® Since a single-section homogeneous quar- 
ter-wave transformer can always be improved by an in- 
homogeneous design,! it seems likely that an inhomo- 
geneous quarter-wave transformer of more than one sec- 
tion will likewise improve the best electrical perform- 
ance when a maximum transformer length is specified. 
This result, however, remains to be confirmed. 

If two waveguides differing in the a dimension (Fig. 
1), as well as possibly the b dimension, are to be con- 
nected, then a homogeneous transformer is not possible 
at all, and again it may be suspected that an inhomo- 
geneous quarter-wave transformer will yield the best per- 
formance when the transformer is to be kept below a 


* Received by the PGMTT, March 2, 1960; revised manuscript 
received, July 19, 1960. This paper is based on part of a dissertation 
for the D.Eng. degree at The Johns Hopkins Univ., Baltimore, 
Md., 1959. r 

+ Stanford Res. Inst., Menlo Park, Calif. Formerly with Elec- 
tronics Div., Westinghouse Electric Corp., Baltimore 3, Md. 

11. Young, “Optimum quarter-wave transformers, 1960 [RE 
INTERNATIONAL CONVENTION RECORD, pt. 3, pp. 123-129. Also, IRE 
TRANS. ON MICROWAVE THEORY AND TECHNIQUES, vol. MTT-8, 
pp. 478-483; September, 1960. ne Fe 

2L. Young, “Spin matrix exponentials and transmission ma- 
trices,” to be published in Quart. Appl. Math. : ; 

3H. J. Riblet, “A general theorem on an optimum stepped im- 
pedance transformer,” IRE TRANS. ON MicrkoWAVE THEORY AND 
TECHNIQUES, vol. MTT-8, pp. 169-170; March, 1960. 


certain length. Such a discussion then provides the moti- 
vation for the following investigation. 


MATHEMATICAL SUMMARY 


In this section, some definitions and formulas will be 
summarized which have been proved elsewhere,!? and 
which are needed to derive the design equations of a two- 
section quarter-wave transformer. Such a transformer 
is shown in Fig. 2. The two sections are generally of 
unequal electrical lengths 6; and 62, which become equal 
only at center frequency, when 


T 


6) =303,— ——— 1) 
Pe oa 5 ( 
The four characteristic impedances from input to out- 
put are denoted by Zo, Z:, Z2, and Z3. The log ratios of 
the three steps are defined? by 

1 Ze 


Cy == —— In 
2 Se Lijeh 


(=a (2) 


The spin matrix exponentials,? which will be needed to 
express transformation matrices, are 


Ei(@) = exp (x) 
E(x) = exp (ao%) 
E3(") = exp (asx) (3) 


a 
ae 
Pesce 


Fig. 1—Waveguide cross section. 


INPUT 


LINE LENGTHS: |« a | 
—— e, 82 
IMPEDANCES: 
Zo Z, Zo ze; 
LOG RATIOS: 
q, eg) as 


Fig. 2—Two section transformer parameters. 
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where oj, o2, and a; are the three Pauli spin matrices 


i © 
0 —-1 
The transfer matrix,?4 of each impedance step is then 
the first spin matrix exponential of the log ratio of that 
impedance step, 


Ex(a), (5) 
and the transfer matrix of each section of line is given by 
the third spin matrix exponential of that line length 


times +/— 1, 
E3(7@). (6) 


The over-all transfer matrix of the two-section trans- 
former is given in terms of the two line lengths 41, 62, 
and the three log ratios a1, a and a3, by the product 


T = Ey(ay) E3( 761) E1(a2) E3( 702) E1(as). (7) 
At center frequency 
BoE, ( =) Ss (8) 
and in that case (7) reduces to 
T (0;=n/2) = Ex(a1 — a2 + avs) (9) 
by means of (8) of Young.? 
Writing 
T= ie mF (10) 
Tx To. 
the diagonal part? of T is then denoted by 
Dich ee : ) (11) 
0 To 
and the antidiagonal part? of T by 
Ag(T) =( ‘ a): (12) 
Pox 0 
The condition for a match is 
LAG BYES AO (13) 


Therefore, for a match at center frequency, (9) yields 


(14) 


a — e--— as = 0} 


‘L. Young, “Analysis of a transmission cavity wavemeter,” IRE 
TRANS. ON MicroOWAVE THEORY AND TECHNIQUES, vol. MTT-8, 
pp. 436-439; July, 1960. 
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Denote the free space (or medium) wavelength by A 
and define the differential operator! 


D=X (15) 


dX 
The condition for perfect match, as well as zero slope 


of the frequency response curve at center frequency, is 
given by (13) combined with 


Ag(DT) = 0. 
From (7) and (8), with (5), (7) and (8) of Young,’ 
DT = o1T Do, — o1T Doz + o1T Daz 
+ josE1(—a1)o3E1(a2)o3F1 (as) DOr 
+ jo3Ey(—a1)03E1(—a2)o3E1(a3) Dbz (17) 


(16) 


Die= 11 D(a — a2 + as) 


+ terms in/,o3, and oo. (18) 
To satisfy (16), first note that 
Ag(I) = Ag(o3) = 0. (19) 


This leaves the coefficients of o; and a2 in (18) to be 
separately equated to zero. [It will be seen from (2) of 
Young? that a2 terms are generated in (17).] The coeffi- 
cient of o; is immediately evident from (18). For it to be 
zero, it is required that 


D(a argo a _ a3) = 0. (20) 


[This equation does not follow from (14), since the a’s 
are not independent of frequency, as they would be ina 
homogeneous transformer. | 

It can be shown! that 


Daz: = tt? — &4°), (21) 
where 
Ng 
a 22 
. (22) 


d, being the guide wavelength. In general, each section 
will have its own value ¢;, which is a function of fre- 


quency. 
It can also be shown! that 
DO; = — £,76;. (23) 
From (20) and (21), 
bie me ioe a 3 (to? a tee (24) 
The output to input impedance ratio is 
Z3 
R=—,; (25) 


0 


*L. Young, “Design of Microwave Stepped Transformers with 
Applications to Filters,” D.Eng. dissertation, The Johns Hopkins 
Univ., Baltimore, Md.; April, 1959. 
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and the a’s are therefore related by 


Q1 aa (ee) + az = 4 In R. (26) 


Eqs. (14) and (24) are necessary but not sufficient 
conditions for a maximally flat transformer. The other 
conditions derive from the coefficient of o» in (18) being 
zero. This yields 


Ag|Ei(—a1 — a2 + a3) D8. + Ex(—a1 + a2 + a3) DBs] 
lk Ore 


after using (2) and (8) of Young.? Therefore, from (23) 
and (1), at center frequency 


ty? sinh (—a; — az + a3) 


+ ty? sinh (—a; t+ ao + a3) = (@). (28) 
Using (14), this reduces to 
sinh 2a, fo\? 
a (=). (29) 
sinh 2a3 ty 


Eqs. (14), (24) and (29), together with the iden- 
tity (26), are the complete solution of the maximally 
flat two-section inhomogeneous transformer problem. 
When the input and output waveguides are specified, 
to, t3, and R are known. It is easy to see that there always 
exists a solution for ft), fe, a1, @, and a3. Moreover, this 
solution is not unique, since there is only one constrain- 
ing equation (24) on the two parameters f; and fs. 

Each solution will exhibit “maximally flat” behavior 
in the sense that the reflection coefficient against fre- 
quency curve will have a double zero at center fre- 
quency. However, some solutions will be flatter than 
others, and if the one-section transformer may be taken 
for a guide,! we should sometimes expect one solution to 
be the “flattest maximally flat.” We might expect sig- 
nificant differences only as cutoff is approached, or for 
large values of R, or both. 

Instead of finding the optimum solution, as was done 
for the single-section transformer, this extra one degree 
of freedom may serve another useful purpose. In 
rectangular waveguide, the smaller the H-plane steps, 
the more nearly ideal is the transformer. The parameters 
t, and fj may therefore be selected so as to make none 
of the individual H-plane steps too large. This will re- 
duce first order corrections which might be necessary 
for nonideal junctions. 

Eqs. (14) and (29) may be expressed in terms of the 
characteristic impedances Zo, 21, Z2, and Z;, instead of 
the log ratios a1, a2 and a3. They become 


(By 
Z\ 


(30) 
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and 


be 2 ty? ao to? R}/2 
Log t1? 4 to? R-1/2 
respectively, where R is given by (25). 


NUMERICAL RESULTS FOR MAXIMALLY 
FLAT TRANSFORMERS 


To test the theory, several two-section transformers 
designed by these equations were analyzed. In each 
case, a maximally flat response, in the sense of a double 
zero of the reflection coefficient at center frequency, was 
obtained. 

Let a, b again denote guide width and height, respec- 
tively (Fig. 1). The suffix numbering is as shown in 
Figs. 


Example 1 


Design wavelength, 


Ao = 9.1 inches, 
ay = 8 inches, by = 2 inches 


a3; = 5 inches, b; = 3 inches. 


Selecting either a; or ad, determines the design uniquely. 
A plot of VSWR against wavelength of five cases is 
shown in Fig. 3. For example, the dimensions of the 
transformer with the flattest curve in Fig. 3, are 


a, = 8.000 inches, b; = 3.462 inches 
a2 = 5.341 inches, b> =" 3.2110 imches? 


There is little change in performance when q@; is reduced 
from 8 inches to about 6 or 6.5 inches (Fig. 3). The 
choice of a; will then depend more on practical consid- 
erations concerning the departure of the H-plane steps 
from ideal transformers. The extent to which H-plane 
steps in rectangular waveguide depart from ideal trans- 
formers has already been discussed elsewhere.! Unfor- 
tunately, each of the transformers in Fig. 3 involves at 
least one junction which is too far from ideal for a physi- 
cal model to be expected to follow the ideal transformer 
theory. An alternative approach would be to use two 
intermediate transformers of two sections each, and 
spaced a quarter wave apart, which would reduce the 
steps to where each transformer is essentially ideal. 


Example 2 
Design wavelength, 
Xo = 1.390 inches 
ay = 0.900 inch, 
a, = 0.850 inch, b; = 0.429 inch, 
a2 = 0.7/1 inch, bo = 0.417 inch, 
a3 = 0.750 inch, b; = 0.400 inch, 


by = 0.400 inch, 


I 


I 
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which conform to the design equations. The VSWR 
against wavelength response is shown in Fig. 4. 


NUMERICAL RESULTS ON BROAD-BANDING 


Usually one is concerned with obtaining the best pos- 
sible performance over a prescribed frequency band, 
rather than maximally flat response. For the homogene- 
ous transformer, this problem has been solved analyti- 
cally,®.7 and the author has made up numerical tables® 
for this case. 

Since no exact solution has been found for the in- 
homogeneous transformer, it seemed worthwhile to try 
to modify the exact maximally flat solution, using the 
homogeneous transformer tables as a guide. This at- 
tempt turned out to be very successful. 


95 1.00 1.05 


The central idea was to find from the homogeneous Mo 


transformer tables how much a homogeneous maximally Fig. 3—VSWR vs wavelength of several two-section maximally flat 
transformers, all from 8X2 inches to 5X3 inches (Example 1). 


flat transformer had to be modified to give the required 
bandwidth. This was treated as an additive “correction” 
to the log ratios, a, or as a multiplicative correction to 
the impedances, Z. Returning to the inhomogeneous 
transformer, each guide width a was kept constant, and 
the “correction” to each Z was absorbed in the height b 
of the guide. 


Example 3 


Modifying the transformer with the flattest response 
curve in Fig. 3, Example 1, for a 30 per cent bandwidth 
(in reciprocal guide wavelength) yields, with a; and az 
kept the same, 


a) = 8.000 inches, by = 2.000 inches, 
G, = 8,000 inches, 6, = 3.512 inches, | MVro 
dy = 5.341 inches, be 


a3 = 5.000 inches, b3 = 3.000 inches. 


I 


S16 iinches Fig. 4—VSWR vs wavelength of two-section maximally flat trans- 
; 4 former 0.9 X0.4 inch to 0.75 X0.4 inch (eceinglety 


The VSWR against wavelength response is shown in 

Fig. 5. The parent maximally flat case (lowest curve in 

Fig. 3) is reproduced for comparison (broken line). 4 
In this case R=4.761 and from the tables,’ a 30 per Bi hci: 

cent bandwidth transformer yields a maximum VSWR Sass aera 

of 1.05. This agrees with the computed value for this 

inhomogeneous transformer (1.051 in Fig. 5). Itisharder YS" 

to predict the frequency bandwidth, because the guides 

are not uniformly dispersive. Now (dd,/\,)/(dd/X) 

=(A,/d)?. For the 8-inch guide, this quantity is 1.48, 

and for the 5-inch guide 5.88, both at \y)=9.1 inches. 

The arithmetic mean is 3.68. We might therefore expect 


GAS, Is Riblet, “General synthesis of quarter-wave impedance /Xo 
transformers,” IRE Trans. ON MicROWAVE THEORY AND TECH- ? 
NIQUES, vol. MTT-S, pp. 36-43; January, 1957. Fig. 5—VSWR vs wavelength of broad-banded and 
Subs Cohn, Optimum design of stepped transmission-line maximally flat transformers (Example 3). 
transformers,” IRE TRANs. ON MricrowAvE THEORY AND TECH- 
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NIQUES, vol. -7, pp. 233-237, April, 1959; and vol. MTT- 
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a bandwidth in the order of 30/3.68=8 per cent. The 
computed bandwidth for maximum VSWR = 1.051 (Fig. 
5) is in very close agreement, being 7.8 per cent. 


Example 4 


This is Example 2 modified as described above fora 
62 per cent bandwidth (in reciprocal guide wavelength). 
The @s were again kept the same and the new dimen- 
sions are: 


a = 0.900 inch, bo = 0.400 inch, 
a; = 0.850 inch, b; = 0.437 inch, 
a2, = 0.771 inch, bo = 0.409 inch, 
a3 = 0.750 inch, bs; = 0.400 inch. 


The VSWR against wavelength response is shown in 
Fig. 6, with the original maximally flat case (Fig. 4) re- 
produced for comparison (broken line). 

In this case R= 2.027, and for a bandwidth of 62 per 
cent, the tables give a maximum VSWR of 1.09 for the 
homogeneous transformer. Our inhomogeneous trans- 
former (Fig. 6) is in close agreement with its maximum 
VSWR of 1.084. The arithmetic mean value of 
(ddy/Xg)/(dA/X) = (AQ/A)? is now (2.47+7.04)/2=4.75, 
and therefore we might expect a (frequency) bandwidth 
in the order of 62/4.75=13 per cent. The computed 
bandwidth for maximum VSWR=1.084 is given by 
Fig. 6 as 12 per cent, which again is in excellent agree- 
ment. 


DISCUSSION 


Inhomogeneous transformers are commonly required 
when a nonstandard waveguide has to be connected to 
a component in standard waveguide, or in similar ap- 
plications calling for small steps. Then a first-order 
theory is usually adequate. An example of an inhomo- 
geneous transformer of large Rand wide band occurred 
in connection with the design of a diplexing filter,’ using 
waveguide sections which were cut off in the lower fre- 
quency band and transmitted, but were nearly cut off 
in the upper band. A transformer had to be built from 
an 8-inch X 2-inch waveguide to a waveguide of 5 inches 
3 inches, which was approaching cutoff for the upper 
band of 1250 to 1350 Mc. At that time, no theory was 
available for inhomogeneous transformers, and a com- 

‘bination E-plane (homogeneous) transformer and a 
double linear taper were used. A view of the filter is re- 
produced in Fig. 7. This filter involves no less than ten 
transformers, five homogeneous and five inhomogene- 
ous. The inhomogeneous ones were all double linear 
tapers, but could now be designed systematically as 
quarter-wave transformers, thereby reducing their 
length and improving their performance. The measured 


9L. Young and J. Q. Owen, “A high power diplexing filter,” IRE 
TRANS. ON MICROWAVE THEORY AND TECHNIQUES, vol. MT7-7, 
“pp. 384-387; July, 1959. 
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BROAD- BANDED 
——— MAXIMALLY FLAT 


Xo 


Fig. 6—VSWR vs wavelength of broad-banded and 
maximally flat transformers (Example 4). 


(706): HOMOGENEOUS STEPPED TRANSFORMERS 
6 ©)T0((0):NHOMOGENOUS TAPERED TRANSFORMERS 


ABOUT I2 In 


Fig. 7—Waveguide diplexing filter. 


performance® of a maximum VSWR of 1.22 in a 
length of over two feet could be greatly improved with 
only a two-section ideal transformer (Example 1). As 
already mentioned, the ideal transformer assumption 
would not be expected to hold for the large steps in- 
volved, but a cascade of two transformers, each of two 
sections and themselves separated by a quarter-wave 
section (making a total of five sections), should also give 
substantially improved performance and would still be 
shorter than the original design. With the smaller steps 
involved, it would be possible to make first-order cor- 
rections for the transformers not being ideal. 
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Errors in Dielectric Measurements Due to a Sample 
Insertion Hole in a Cavity” 


A. J. ESTINt, MEMBER, TRE, AND H. E. BUSSEY{, SENIOR MEMBER, IRE 


Summary—The measurement of complex permittivities of iso- 
tropic media at microwave frequencies is performed with high pre- 
cision by means of cylindrical cavity resonators. However, a hole in 
the cavity wall, for inserting the sample causes a frequency pulling 
of the resonator, which in turn introduces an error in the measured 
dielectric constant. These effects are measured, and with perturba- 
tion theory as a guide, correction factors are developed. 


INTRODUCTION 


HE cavity resonator has assumed a prominent 

role in the microwave determination of dielectric 

parameters of materials.!:? Among the more use- 
ful of the resonant modes, particularly at 10 cm and 
longer wavelengths, are the cylindrical TMomo family. 
One sample geometry conformable to this mode is a 
concentric post equal in height to that of the cavity. In 
order to introduce such a sample into the cavity, with- 
out removing the lid each time, it is convenient to have 
a centered hole in one endplate. If the sample is made 
somewhat longer than the height of the cavity, then 
this hole will in addition provide concentric alignment. 
The redistribution of fields due to this hole, however, 
results in a frequency-pulling, which in turn produces 
an error in the measured value of the dielectric constant 
of the material of the post. 

The hole causes a departure from the geometrically 
simple shape of an idealized cavity, and the exact solu- 
tion becomes exceedingly difficult. Accordingly, a solu- 
tion is usually attempted in terms of some approximate 
perturbation or variational method.?+ With certain of 
these mathematical techniques, the limits of error or 
order of magnitude of error can be predicted. Never- 
theless, even with these, and particularly with per- 
turbation methods, an experimental check of the pre- 
dicted results is of vital importance. This paper pro- 
vides experimental data of a high quality suitable both 
for direct empirical use and for experimental verifica- 
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tion of any theoretical approach to the problem. Fur- 
thermore, a perturbation development is presented in 
this paper, and is intended as a general guide to show 
the expected functional dependence. 


INSTRUMENTATION 


A cavity was fabricated which resonated in the TMoro 
mode at 509 Mc and reresonated in the TMoz0 mode at 
1168 Mc. This cavity (Fig. 1) was made with an axial 
hole in one endplate, which in turn opened outward 
into a tube of the same diameter. Construction was 
such as to permit either the insertion of various sizes of 
metal tubular sample guides, or the use of a solid plug 


Fig. 1—TMomo-mode cavity with axial hole. The tubular sample 
guides and the plug are shown. The diameter is 17.8 inches and 
the height is 2.25 inches. 


to enclose the sample for closely approximating the 
closed (“perfect”) cavity. Samples of various materials 
were carefully machined to a right cylindrical shape to 
fit under the solid plug with a clearance of no more than 
0.002 inch. Additional cylinders were made from the 
same materials to permit extension of the dielectric 
post out through the hole and tube in the cases where the 
hole pulling was to be examined. Three sizes of tubes 
were employed in order to examine the dependence of 
error on hole size. In this way a direct comparison was 
made between the true resonant frequencies and di- 
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electric constant as measured with the plug closing the 
cavity, and the pulled resonant frequencies and ap- 
parent dielectric constant obtained with a hole and long 
tube extension. 

Possible sources of experimental inaccuracy were 
thoroughly investigated to determine the limitations 
of the investigation. It was found that the effects of iris 
pulling, of imperfect closing of the plug, and of cavity 
and sample asymmetries were negligible. The most seri- 
ous systematic error present was the tolerance of 0 to 
— 0.002 inch on the length of the post. However, within 
the tolerances held, this error could not affect the hole 
pulling results by more than 5 per cent at a dielectric 
constant of eight, and the effect rapidly diminished for 
lower values. The remaining limitations, such as im- 
perfect frequency resolution of the cavity and inexact 
frequency measurements were random and are indi- 
cated by the dispersion of the results. 

Under the assumption that the Q of the cavity is 
high and that the loss tangent of the dielectric material 
is small, the real part of the dielectric constant is readily 
determined from a calculation involving only the fre- 
quency shift, the physical dimensions of the system, 
and a knowledge of the mode of oscillation involved. 
Exact solution of the boundary value problem yields 
the following for the real part of the dielectric constant,’ 


Ty(ka) J (kb) V (ka) 
1 r= Pr 1( ka 
Vaikat(veka) ~ — Yolkb) A 
Eire ka) Lee 
Y0(Rb) 


where a is the sample radius, 0 is the cavity radius, & is 
the wave number of the cavity resonated with sample, 
x is the real part of the relative dielectric constant, and 
J, and Y,, are Bessel functions of order m of the first and 
second kinds. A numerical solution of this equation 
(along with other relations for the imaginary part of the 
dielectric constant) has been programmed for high- 
speed digital computation. All experimental results in 
this paper were calculated by this method. 

The measurement at 1100 Mc was made by means 
of an improved cavity Q-meter technique.’ However, the 
lack of a conveniently swept oscillator source at 500 Mc 
necessitated a different technique. In brief, a stable, 
continuously tunable, CW signal generator provided 
the signal; a portion of this signal was mixed with an 
arbitrary fixed frequency (usually 500 Mc) derived from 
the National Bureau of Standards’ 100-kc primary 
standard, and the difference was then directly measured 
to an accuracy of +1 kc. 


5 C. G. Mont ery, “Technique of Microwave Measurements,” 
MALE Rad. ee oe McGraw-Hill Book Co., Inc., New York, 
N. Y., vol. 8, sec. 6.29; 1948. 
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THEORY 


The theoretical evaluation of the effect of the hole 
upon the dielectric constant necessitates two steps. 
First, an expression is required for the frequency pull- 
ing of a cavity by a dielectric-filled hole. Second, this 
expression must be substituted into one for the error 
in dielectric constant as a function of errors in resonant 
frequencies. 

The frequency pulling of the hole may be calculated 
by applying the Adiabatic Invariance Theorem (Boltz- 
mann-Ehrenfest Principle).® This states that for an os- 
cillating electromagnetic system, the relative frequency 
pulling is equal to the relative energy change of the sys- 
tem due to changing its configuration. One thinks of the 
hole as being created by pulling a disk section of the 
cavity wall the size of the hole to infinity against the 
electromagnetic stress on the surface, (eH?-—uH?)/2, 
while the dielectric column follows, filling the hole like 
a liquid. The energy change is obtained from the work 
performed. It will now be assumed, as in perturbation 
theory, that the frequency changes as a result of insert- 
ing the dielectric post and creating the hole are small 
compared with the empty resonant frequency of the 
cavity. This is insured by requiring that 


b?/m? > a’x (2) 


where m is the radial index of the TMomo mode of the 
cavity and a is the radius of the hole, identical to the 
sample radius. Eq. (2) insures that the wave in the di- 
electric-filled tube is evanescent, and that the dielectric 
perturbation is small. 

In order to calculate the work of removing the disk to 
infinity, it is necessary to estimate the fields against 
which this work is done. The circularly symmetric TM 
mode in the cavity insures that only TMo; modes will 
be excited in the tube. We shall approximate the electric 
field in the tube by the TM: mode only: 


tf 
joes An) ene, (3) 


a 


where A is the amplitude factor, z is the distance into 
the tube as measured outward from the interface be- 
tween the cavity and the tube, and ¥ is the propagation 
constant in the tube of the TMo: mode. 

For conditions where the tube is far below cutoff, 
y ~ —jpo/a. We rather arbitrarily equate the integrated 
square of the unperturbed cavity field at the interface 
to the integrated square of the tube field at the inter- 
face. Thus the amplitude factor in (3) is given by 


A = Eo/J1(p01) (4) 


where Ep is the amplitude factor of the electric field in 
the cavity. 


6 W. R. MacLean, “The resonator action theorem,” Quart. A ppl. 
Math., vol. 2, pp. 329-335; January, 1945. See also J. Bernier, “Sur 
les cavites electromagnetiques, L’Onde Elect., vol. 26, pp. 305-317; 
August-September, 1946, 
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is nearly constant. (a) TMoio mode at 509 Mc, (b) TMoe9 mode at 


1168 Mc. 
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Fig. 4—The fit of the experimental data to the 


constant K,, defined by (8). 
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Fig. 3—Experimental frequency shift due to an axial hole of radius a, 
with various dielectric materials in the cavity and extending out 
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Combining (3) and (4) into the Adiabatic Invariance 
Theorem, we arrive at an expression for the frequency 
pulling: 


of a*K 


= i A 5 
f 4b*hpoiJ 1? (pom) 


where / is the height of the cavity and pom is the mth 
root of Jo, corresponding to the TMomo) mode in the 
cavity, and where h is 2.25 inches. 

The first-order perturbation relation for dielectric 
constant in terms of frequency shift! is 


a b? ks 
Ki 1 = 2] 1?(pom) veo al Ee i), (6) 
a 


where f, is the resonant frequency with the sample in- 
serted, and f, is the resonant frequency of the empty 
cavity. The error in (k—1) due to errors in f, and f, is 
easily obtained from (6), and with the expression for 
the error in frequency, (5), this error in dielectric con- 
stant is finally: 


K == 1 2poih ie 2po1 h 
RESULTS AND DISCUSSION 


A series of direct measurements was made on ma- 
terials of relative dielectric constants between 1 and 10. 
Ratios of a/h up to 0.22 were investigated. In no case 
did the value of m?a?x/b? exceed 0.11. 

If the experimental values of 

d(x — 1) a 


(x — 1) h 


are plotted as a function of x (Fig. 2), (7) predicts that 
the curve will be a constant function with value equal 
to 1/2p01=0.208, independent of « and of the radial 
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index of the mode of oscillation within the TMomo fam- 
ily. Experimentally, this value was found to be 0.21 for 
the TM oi mode and 0.2 for the TMo29 mode. 

The experimental behavior of the normalized fre- 
quency shift was next investigated. If a log-log plot is 
made of df/f against x, as in Fig. 3, a dependence on 
some power of x higher than unity is indicated, 1.e., 
x'+4. From the slope, A was found to be about 0.16. The 
approximate theory developed herein accounts only for 
A=0. However, a strict first-order perturbation theory? 
indicates that A is greater than zero. 

Therefore, we shall empirically modify (5) to 

of ans 


: Kn (8) 


where A=0.16 and K,, is a function only of m, the radial 
mode index. The theory (5) gives K,=0.386 and K2 
=0(0.897. Experimentally the values of K, and Ke are 
found to be 0.32 and 0.87, respectively. Fig. 4 shows the 
experimental data that determined Kp. 

It is interesting to note that although the simple equa- 
tion (5) departs significantly from the experimental 
equation (8), this causes no discernible error in (7) 
which depends on (5). [It may be seen that (7) is well 
supported by the experimental data in Fig. 2.] This has 
not been investigated in detail, but it would seem that 
(6) also departs from experiment, and that when (5) 
and (6) are combined to obtain (7) there is a cancelling 
of errors. 
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Correction 


D. S. Lerner and H. A. Wheeler, authors of “Meas- 
urement of Bandwidth of Microwave Resonator by 
Phase Shift of Signal Modulation,”’ which appeared on 
pages 343-345 of the May, 1960, issue of these TRANS- 
ACTIONS, have brought the following to the attention of 
the Editor. 

Reference [8], which appears on page 345, should 
read: 


apinle , “A method for the measurement of high Q-factors,” 
Za ea 106, pt. B, pp. 489-492; September, 1959. (Recent 


proposal of the subject method.) 
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A Pre-TR Tube for High Mean Power Duplexing” 


D. W. DOWNTON}T anp P. D. LOMERT 


Summary—A gas discharge tube for transmit-receive switching 
capable of handling average power levels up to at least 25 kw at 
3000 Mc is described. The discharge is excited in the annular space 
between two concentric silica tubes and recovery time is controlled 
by the dimensions and gas pressure. In this way, a tube with constant 
characteristics during life has been achieved. The tube is mounted 
in a thick resonant iris, and sparking is avoided by using accurately 
ground silica mounted in a precision-bore hole. 

The arc loss of the tube in this form of mount is less than 0.1 db 
at 5 Mw peak 10 kw average, and the recovery time is about 100 
usec to 3 db. The attenuation is about 30 db, and the insertion loss 
is less than 0.1 db. 

Performance of this form of tube is discussed for average power 
levels of up to 50 kw in a phase-shift duplexer and 25 kw in a bal- 
anced duplexer, and the expected performance during life is also 
considered. Lives in excess of 10,000 hours are deduced from extra- 
polated data obtained with radioactive krypton in tubes operating at 


10 kw average. 
ae 
NX and 500-kw peak at 3000 Mc, transmit-receive 
switching can be adequately achieved with con- 
ventional narrow-band and broad-band TR cells. 
Above this level, the complex requirements of the TR 
cell are difficult to maintain, and Smullin and Mont- 
gomery! and, more recently, Hawkins? have discussed 
the advantages of performing the switching with a 
pre-TR cell which is used in conjunction with a TR cell 
or pulsed attenuator. The first requirement of a pre- 
TR cell is that it should have a low loss during trans- 
mission and reception; that is, its arc loss and insertion 
loss should be low. Secondly, the recovery time should be 
adequate. Longer recovery times can be tolerated at 
_very high power levels for long-range radars, since 
short-range information is normally not required for 
that application. A recovery time of 100 usec to 3 db 
was aimed at in this work. The leakage of the device is 
less important and an attenuation of 30 db is sufficient. 
Several forms of pre-TR cells have been developed. 
The first, described by Smullin and Montgomery,! con- 
sisted essentially of a quarter wavelength section of 
waveguide sealed at the ends with low Q windows and 
filled with a mixture of argon and water vapor. De- 
tuning of the cell caused by sputtering of metal from the 
cell body onto the glass window and the rapid clean-up 
of water vapor were major problems with this type of 


INTRODUCTION 


power levels below 50-kw peak at 10,000 Mc 


* Received by the PGMTT, October, 1959; revised manuscript 
received, August 15, 1960. 

t Services Electronics Res. Lab., Baldock, Herts., England. 

1L. D. Smullin and C. G. Montgomery, “Microwave Duplexers,” 
Mass. Inst. Tech. Rad. Lab. Ser., McGraw-Hill Book Co., Inc. New 
York, N. Y., vol. 14; ee 

2 P. O. Hawkins, “Active microwave duplexing systems.” 
IEE, yol. 105B, Suppl. No. 10, pp. 505-507: May, 1958. Pee 


device. These problems were avoided by Parker,’ who 
used a silica tube containing silica wool and filled with 
rare gas. In this case, recovery time was controlled by 
diffusion of ions and electrons to the surface of the 
silica wool where surface recombination takes place. 


Sparking was avoided by using accurately ground | 


silica so that good contact was ensured between tube 
and mount. This type of tube has since been developed 
for handling powers up to 3 Mw peak, 3 kw average at 
3000 Mc. Alternate approaches by Dutt* and by Gould, 
Edwards, and Reingold,® relied on the same physical 
processes for achieving rapid de-ionization of the dis- 
charge. The main disadvantages of these developments 
were associated with the complicated structures used to 
support the discharge tube. Glass-to-metal seals were 
an integral part of these structures, so that relatively 
low melting-point glass had to be used. 

The high melting point of silica, coupled with its 
very low loss, make it the most attractive material for 
use at very high power levels. However, it has been 
found that sputtering of the silica wool can occur at 
4 kw average with the particular tube described by 
Parker. This results in more rapid gas clean-up and 
eventual fusing of the silica wool. The properties of 
silica wool in reducing recovery time can be achieved in 
a much more controlled manner by confining the dis- 
charge to the annular space between two concentric 
silica tubes. This approach was first applied by Lomer 
and O’Brien® to a microwave pulsed attenuator but is 
equally applicable to a pre-TR tube. Thus the ad- 
vantages of controlling recovery time by diffusion and 
surface recombination are maintained, and very high 
power operation is possible from this new type of tube. 


DESCRIPTION OF PRE-TR Mount AND TUBE 


Fig. 1 shows the complete pre-TR unit. The mount, 
which was first examined by Speake,’ contains two 
tubes and is for use with a short slot hybrid. The two 
waveguide sections are recessed in the mount. In each 
section there are two thick resonant slots which are 
perpendicular to the electric field. The iris size is ad- 
justed for resonance at any given frequency, the length 
of the iris being given for a range of frequencies in Fig. 2, 


5 A. B. Parker, “A new form of X-band pre-TR cell,” Proc. IEE, 
vol. 105B, Suppl. No. 10, pp. 488-491; May, 1958. 

*T. L. Dutt, “Plug-in TR tubes for use in S-band duplexers,” 
Le Vide, vol. 12, pp. 93-108; January-February, 1957. 

°L. Gould, E. V. Edwards, and I. Reingold, “A novel approach 
to microwave duplexer tube design,” IRE TRANs. ON ELECTRON 
Devices, vol. ED-4, pp. 300-303; October, 1957. 

°P. D. Lomer and R. M. O’Brien, “A microwave pulsed attenu- 
ator using an RF excited discharge,” Proc. TEE, vol. 105B, Suppl. 
No. 10, pp. 500-504; May, 1958. 

7G. D. Speake, unpublished work. 
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Fig. 1—Pre-TR mount and tubes. 
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Fig. 2—Resonant frequency as a function of the length of slot. 


assuming the height to remain constant. The height of 
the iris is adjusted to give a large contact area between 
tube and mount, and this is illustrated in Fig. 3. The 
loaded Q-factor of both sections of the mount is 2.3. 

The discharge tube consists essentially of a silica 
envelope containing a rare gas. The length of the dis- 
charge is accurately defined by the slots in the mount. 
The discharge does not extend along the tube since it is 
not coupled to the field. Thus there is little radiation 
loss from the ends of the tube and negligible coupling 
between the adjacent waveguides. The discharge acts 
as a short circuit in reflecting the power, but there is a 
leakage between discharge and mount. This leakage is 
about 30 db down on the incident power. The tubes 
are heated by the discharge, but there is efficient cooling 
because of the large contact area between tubes and the 
mount. A further advantage of this type of mount is the 
relative ease of construction. 

The discharge tube which is shown in Fig. 4 consists 
of two concentric tubes of silica with an annular gap 
of 0.030 inch between them. Precision-bore silica tub- 
ing, ground externally to a fine tolerance, is used so 
that reproducible resonant frequencies are achieved. A 
close fit between tube and mount is ensured by accurate 
control of the outer dimension. The space between the 
tubes is filled with krypton at a pressure of 60 mm Hg, 
and about 10 microcuries of tritium is added to ensure 
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Fig. 3—Cross section of tube in mount. 
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Fig. 4—Pre-TR tube. 


immediate ionization on applying the microwave field. 
Since the inner tube is left open to the atmosphere, the 
discharge only occurs in the krypton-filled annular 
space between the outer tube and the insert. 

The choice of gas pressure and annular space was 
based on a series of experiments, the results of which 
are shown in Figs. 5 through 9. It was apparent from 
previous work that the recovery time of tubes without 
inserts decreased with increasing pressure as shown in 
Fig. 5, so that high pressure of krypton is necessary to 
achieve short enough recovery times. However, it was 
found by more detailed examination of these tubes, 
filled at a pressure of 60 mm Hg, that the recovery time 
increases alarmingly with the mean power as shown in 
Fig. 6. This increase in recovery time with mean power 
indicates that the effective gas density in the discharge 
region decreases with increasing power level because of 
the establishment of temperature and hence gas density 
differentials along the tube. Thus the performance of 
the tube at high power levels corresponds to a move- 
ment along the recovery time/pressure curves to 
lower pressures. 

In tubes with inserts, de-ionization at lower pressures 
is a function of both recombination and diffusion losses, 
so that recovery time is fairly constant as a function of 
pressure. Thus, although the gas density in the working 
region of the tube decreases as the average power is in- 
creased, the recovery time remains fairly constant. In 
Fig. 7 recovery time at a high average power (10 kw) 
is given as a function of pressure for tubes containing 
various sizes of insert. It is apparent that the smallest 
annular gap should be used, since the recovery time is 
then least and there is also least variation with pressure. 
Since recovery time is almost independent of pressure 
in a tube with a small gap, the choice of pressure must 
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three sizes of annular gap. 
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Fig. 9—Recovery time as a function of mean power 
at two different pulse lengths. 
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be governed by other factors. Although it is desirable 
to use as high a pressure as possible, because end of life 
is determined by clean-up of gas, the arc loss increases 
with pressure so that a compromise must be made 
between these considerations. The variation of arc loss 
with pressure at 1.5 Mw is given in Fig. 8, and it 
reaches a value of nearly 0.1 db at 60 mm Hg. This will 
represent a dissipation of nearly 100 w in each tube 
when working at 10-Mw peak, 20-kw average, so that 
any increase in pressure above 60 mm Hg is unwar- 
ranted. Should life tests prove that the rate of clean-up 
As small and hence the life very long, it may be desirable 
to reduce the pressure. 

Braden* in an independent investigation has achieved 
much shorter recovery times than those quoted above 
by reducing the annular gap and also the gas pressure 
and hence increasing the electron diffusion losses. 
Braden proposes a tube filled with argon at a pressure 
of 4 mm Hg. Although the initial performance of such a 
tube will be good, its life at very high power levels will 
be very short because of gas clean-up. For example, 
tubes filled with krypton at a pressure of 10 mm Hg have 
failed after 400 hours operation at 5 Mw peak, 10 kw 
average, in a balanced duplexer. This life problem may 
to some extent be avoided if a gas reservoir can be tol- 
erated. 


PERFORMANCE OF THE PRE-TR TUBES AND MOUNT 


The performance of the pre-TR tubes containing 
krypton at a pressure of 60 mm Hg and having an an- 
nular gap of 0.030 inch was measured in a mount which 
was attached to a short-slot hybrid’ as in a balanced 
duplexer. Data obtained at 5 Mw, 10 kw is quoted in 
Table I. 


TABLE I 

Power Level 5 Mw peak, 10 kw average, 10 usec 
pulse 
Arc Loss 0.05 db 


95 usec to 6 db 
110 ywsec to 3 db 
135 usec to 1 db 


Recovery Time 


5 kw peak, 10 w average (7.e., 30 db 


Leakage Power ; 
attenuation) 


Position of Short 0.06 cm from the face of the tube 


<10 kw. 


Discharge Initiation Power 


The only properties which are influenced appre- 
ciably by the power level are arc loss and recovery time. 
The recovery time, which is shown in Fig. 9, is virtually 
independent of average power from 5 kw up to 20 kw, 
as expected from the recovery time/pressure curves, 


8 R. S. Braden, “A new concept in microwave gas switching ele- 
ments,” IRE TRANS. ON ELECTRON DEVICES, vol. ED-7, pp. 54-59; 


1960. ge 
Be |. iblet, “The short-slot hybrid junction,” Proc. IRE, vol. 


40, pp. 180-184; February, 1952. 
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but does change with pulse length. All high power meas- 
urements of recovery time were made using a power 
multiplication circuit.! This circuit isa waveguide loop 
connected to a power source by a directional coupler. 
The loop acts as a resonator with an amplification de- 
pendent on the Q-factor of the circuit. The electrical 
length of the loop is changed by a high-power phase 
shifter consisting of a 3-db coupler followed by two 
waveguide plungers, designed to obviate sparking. Any 
small mismatches in the circuit are cancelled by the use 
of four dielectric plungers. 

Arc loss measurements at low powers were made by 
replacing the tubes with metal rods and noting the 
change in power level. This technique is not of high ab- 
solute accuracy, and additional measurements were 
made using a power multiplication circuit, developed 
for life-testing four pairs of tubes. The gain of these 
circuits depends on insertion losses, so that an average 
value of the arc loss can be obtained with greater ac- ~ 
curacy by replacing the tubes with metal rods. These 
experiments resulted in estimates for the arc loss of one 
pair of tubes of 0.05 db at 5 Mw peak, 10 kw average. 


PERFORMANCE DURING LIFE 


The only significant change in the tube anticipated 
during operation is that of gas pressure. This is ex- 
pected to decrease steadily as gas is absorbed on the 
walls of the tube. Some early measurements at 25 Mw 
peak, 3 kw average, with tubes containing silica wool 
and radioactive krypton! indicated clean-up at a rate 
of approximately 10~* cc at STP/hour. This high rate 
of clean-up was probably due to sputtering of silica 
from the silica wool and consequent trapping of gas, 
and indeed further measurements on similar tubes with- 
out silica wool yielded clean-up rates of only 10~ cc at 
STP/hour. More recently, tests on the new tubes de- 
scribed here have been extended to 5 Mw peak, 10 kw 
average, using the same radioactive techniques for 
estimating pressure changes and again low clean-up 
rates of about 2X10~ cc at STP/hour have been re- 
corded despite the increase in average power. These 
tests have now been extended with eight tubes being 
simultaneously tested in the power multiplication cir- 
cuit shown in Fig. 10. Tubes filled at a pressure of 60 
mm Hg have been on test at 5 Mw peak, 10 kw average, 
for 4100 hours with a gas clean-up of about 8 per cent. 
Hence, a life well in excess of 10,000 hours should be 
obtained. 

There has been little change in performance during 
life as expected from the small variation of arc loss and 
recovery time with pressure. Recovery time has slightly 
increased and arc loss decreased. 


10 |, Milosevic and R. Vautey, “The travelling wave resonator 
and its application to high power microwave testing,” Onde Elect., 
vol. 37, pp. 290-294; March, 1957. i 

1D, W. Downton, “Measurement of clean-up in gas discharge 
tubes using radioactive krypton,” Proc. IEE, vol. 105B, Suppl. No. 
10, pp. 485-487; May, 1958. 
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APPLICATION TO BALANCED AND PHASE-SHIFT 
DUPLEXERS 


Balanced Duplexer 


The performance of the tubes in a balanced duplexer 
has been examined using a circuit of two short-slot 
hybrids® and the pre-TR mount as illustrated in Fig. 11. 
The low-level performance is given in Fig. 12, showing 
that the duplexer has a bandwidth of about 14 per cent. 
The bandwidth is limited by that of the hybrid junc- 
tion in this particular duplexer, but the most important 
limitation is caused by the rather high Q-factor of the 
mount. Reflections from the mount during reception 
constitute a loss in power which becomes significant 
at frequencies more than a few per cent from the center 


Fig. 10—Power multiplication circuit used for 
life-testing four pairs of tubes. 
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frequency. This is illustrated in Fig. 12; the insertion 
loss of the duplexer increases rapidly at 2700 Mc and 
3100 Mc, and this is entirely caused by reflection losses 
from the mount. 

The performance at high power levels has already 
been described in detail. The only feature peculiar to 
the balanced duplexer is that further receiver isolation 
is provided by the second hybrid so that a total isola- 
tion of 50 db exists between transmitter and receiver. 
Thus for a duplexer operating at 10 Mw peak, 20 kw 
average, the power incident on the receiver arm is 
100 w peak, 200 mw average. A standard TR cell is 
needed to protect the mixer crystal from this power 
level. Alternatively, if a traveling-wave tube is used in 
the receiver system, it may be necessary to include a 
simple gas discharge tube for protection. 


ANTENNA 


HYBRIDS 


PRE-T.R.TUBES 


Fig. 13—Phase-shift duplexer (using short-slot hybrids). 


Fig. 14—Phase-shift duplexer using short-slot 
and binomial-slot hybrids. 
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Phase-Shift Duplexer 


The circuits examined for a phase-shift duplexer have 
been described by Lomer and O’Brien” and are shown 
in Figs. 13 and 14. The low-level performance of this 
form of duplexer depends again on the performance of 
the hybrid junctions and is very similar to that of the 
balanced duplexer. The insertion loss is about 0.25 db 
over the frequency band. The high-level performance 
is favorable since only half the power is incident on 
the tubes and, in fact, this type of duplexer will handle 
twice the power of the corresponding balanced duplexer. 
Since the tubes have been tested in a balanced duplexer 
at 10 Mw peak, 25 kw average, this corresponds to a 
phase-shift duplexer operating at 20 Mw peak, 50 kw 
average. 


PoWER HANDLING LIMITATIONS 


The majority of the tests on the tube were made with 
balanced duplexers operating at 10 Mw peak, 25 kw 
average, or less. Any extensions of peak power levels 
require pressurization in excess of 45 pounds per square 
inch, and would require much stronger waveguide 
components. On the other hand, extensions of average 
power with relatively low peak power is feasible, pro- 
vided water cooling is provided. 

No serious extension in average power could be 
examined in these experiments however, since the 
source of power was a 3 Mw peak, 3 kw average 
magnetron operating into a power multiplication cir- 


2 P. D. Lomer and R. M. O’Brien, “A new form of high-power 
microwave duplexer,” IRE Trans. ON MICROWAVE THEORY AND 
TECHNIQUES, vol. MTT-6, pp. 264-267; July, 1958. 


Downton and Lomer: A Pre-TR Tube for High Mean Power Duplexing 


659 


cuit in which peak and average power levels are both 
increased. Thus, a serious study of average power han- 
dling above 25 kw requires a source of high average 
power with low peak power. 

There have been no indications of an approaching 
limit to average power handling. For example, the 
temperature of the inner wall of the inserts has only 
reached 280°C at 20 kw average. This temperature 
could be considerably reduced by air cooling, and un- 
doubtedly the silica tubes could be used at much higher 
temperatures without affecting the performance. Thus, 
from this point of view, much higher power levels 


could be handled. 


CONCLUSIONS 


A pre-TR tube capable of handling up to 10 Mw 
peak, 25 kw average, in a balanced duplexer, and 20 
Mw peak, 50 kw average in a phase-shift duplexer, has 
been developed for 3000 Mc. The properties of the tube 
are controlled by its dimensions and do not vary 
greatly with gas pressure. Thus, the performance of the 
tubes will not change, appreciably during life. Life tests 
at 5 Mw peak, 10 kw average, have been in progress 
for 4100 hours and have provided data from which 
lives in excess of 10,000 hours are obtained by extra- 
polation. 
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Circular Electric Mode Directional Coupler" 


BUNICHI OGUCHI}{, SENIOR MEMBER, IRE 


Summary—This paper describes a circular electric mode di- 
rectional coupler, composed of two coaxial bifurcations in circular 
waveguide. The coupling coefficient of the directional coupler de- 
pends on the separation between the two bifurcations, and a hybrid 
junction for the circular electric mode may be obtained at the proper 
separation. The analysis is carried out in terms of scattering matrix 
elements characterizing each coaxial bifurcation. 

The scattering matrix elements were experimentally deter- 
mined via the Weissfloch tangent method at 5000-Mc band. For 
convenience, experiments were carried out in sectoral waveguide in- 
stead of circular waveguide. Measured characteristics at 9000-Mc 
band are in good agreement with values determined by circuit calcu- 
lations employing parameters of the coaxial bifurcation measured at 
5000-Mc band. For the case of a hybrid junction, wide-band match- 
ing has been accomplished and verified experimentally. Applications 
of this directional coupler are outlined. 


INTRODUCTION 


HE circular electric mode has received a great 
ke of attention, especially in connection with 

millimeter waves, because of its low-loss trans- 
mission characteristics. There have been many publica- 
tions about TE. mode transducers which transfer 
power from the dominant mode in rectangular wave- 
guide to the TEm mode in circular waveguide. With 
the exception of the mode transducer, however, there 
has been little information about circular electric mode 
components whose design is complicated by the fact 
that even a small discontinuity in circular waveguide 
easily gives rise to spurious modes. 

This paper describes a symmetrical directional cou- 
pler involving the circular electric mode, composed 
essentially of two coaxial bifurcations in a circular 
waveguide. (Cf. Figs. 1 and 4.) Consider a circular 
waveguide in which the TE and TE 2 modes can 
propagate, but the TEo; mode is beyond cutoff. A 
coaxial bifurcation is located at the special surface on 
which E,=0 for the TEo2 mode. In this bifurcated re- 
gion, only one of the two circular electric modes can 
propagate in the small circular waveguide and the 
coaxial waveguide, respectively.! 

Suppose two separate coaxial bifurcations to be lo- 
cated in a circular waveguide. If a circular electric 


* Received by the PGMTT, May 20, 1960; revised manuscript 
received, August 22, 1960. The work described in this report was 
performed at the Microwave Res. Inst., Polytechnic Institute of 
Brooklyn, Brooklyn, N. Y., under Contract No. DA-36-039 sc-78001 
sponsored by the USASRDL. 

} Electrical Communication Lab., Nippon Telegraph and Tele- 
phone Public Corp., Tokyo, Japan. 

‘Inherent in the construction of this junction is circular sym- 
metry; thus, the TEm mode excites only TEp, mode (n=1, 2--- ), 
and the junction may be represented by a four-port circuit. But this 
picture changes if another mode is employed in this junction. 

A similar consideration can be employed for the TMon modes in 
such a bifurcated waveguide, but here we will only deal with the 
TEon modes. 


mode is incident into the circular waveguide region 
from one of the bifurcated regions, the TEm and TEn: 
modes are simultaneously excited in the circular wave- 
guide region. These TE and TEo2 modes have differing 
phase velocities. Because of this difference, the phase 
relation between the two modes changes along the 
waveguide, and the two modes interfere with one an- 
other. In the second bifurcated region, they excite re- 
spective circular electric modes whose amplitudes are 
changed by the phase difference between the TEn and 
TE: modes at the second bifurcation. Therefore, a 
wide variety of transfer coefficients between the two 
four-ports may be obtained by changing the separation 
between the bifurcations. In particular, a hybrid junc- 
tion may be obtained at the proper separation. These 
characteristics are very similar to those of the short- 
slot hybrid junction in rectangular waveguide.? 

The circuit parameter of a bifurcation in a circular 
waveguide was determined, experimentally, through 
the Weissfloch tangent method at 5000-Mc band. A 
directional coupler has been constructed at 9000-Mc 
band in sectoral waveguide, instead of circular wave- 
guide, for the sake of experimental convenience. Meas- 
ured characteristics of this directional coupler are in 
good agreement with values determined by circuit 
calculations employing parameters of the coaxial 
bifurcation measured at 5000-Mc band. For a hybrid 
junction, wide-band matching has been accomplished 
and verified experimentally. 

Hybrid junctions may be employed to realize a 
branching filter for a TEo: mode transmission system. 
A TEo-TEo: mode transducer in a circular wave- 
guide may be constructed by utilizing this directional 
coupler. 


COAXIAL BIFURCATION OF A CIRCULAR ELECTRIC MODE 
WAVEGUIDE 


A. General Characteristics 


We shall consider characteristics of a coaxial bifurca- 
tion of a circular waveguide by a circular cylindrical 
partition of zero thickness. In region I, shown in Fig. 1, 
a cylinder partitions a circular waveguide into a small 
circular waveguide and a coaxial waveguide. Each 
waveguide has its own circular electric mode. The ratio 
of the diameter D,; of the cylindrical partition to 
the diameter D2 of the circular waveguide is chosen 
such that D,/D2=x1'/xo2’, where xm’ and x9’ are, re- 
spectively, the first and second nonzero roots of 


* H. J. Riblet, “The short-slot hybrid junction,” Proc. IRE, vol. 
40, pp. 180-184; February, 1952. mee ; 
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J'(x) =0. This special location of the cylindrical parti- 
tion coincides with a surface E;=0 for the TEo: mode 
in the circular waveguide. Region II is a circular wave- 
guide in which both the TEm and TEy: modes can 
propagate, and the TE 93 mode is beyond cutoff. 

Suppose the TE»: mode to be incident from the circu- 
lar waveguide on the left in Fig. 1. This mode can 
propagate towards the right in region I without any 
disturbance by the partition because of the special 
choice of the diameter of the cylindrical partition. The 
incident power is divided between the lowest cutoff cir- 
cular electric mode in the smaller circular waveguide, 
and the lowest cutoff coaxial circular electric mode in 
the coaxial waveguide in region I. This power ratio is 
easily calculated from the field distribution of the circu- 
lar TE: mode. On the other hand, if the TE mode is 
incident from the left, a small amount of power is re- 
flected from the end of the partition; the remainder is 
divided between the two modes mentioned above. Even 
in this case, no other mode is generated far from the 
edge of the bifurcation except these three modes, be- 
cause the whole construction is circularly symmetric. 
The reflected power remains only in the same circular 
TE: mode, and no TE mode is generated in region II. 
The latter is easily seen to follow from reciprocity and 
the fact that the incident TEo2 mode suffers no reflec- 
tion. 


#2 
+3 | 
(TEe! | 
( mode #/ 
#4 
TE o2 
mode A 
A 
Region I | Region 13 


Fig. 1—Coaxial bifurcation of a circular waveguide. 


Let us express these relations more clearly by using 
scattering matrix notation. We label the TEo: mode 
port of the small circular waveguide on the right port 
no. 1, the right coaxial mode port no. 2, the large circu- 
lar TEq mode port on the left no. 3, and the circular 
TEv: mode port on the left no. 4, as shown in Fig. 1. 
All metallic walls are assumed to be perfectly conduct- 
ing. The important points are that, as demonstrated in 
the preceding paragraph, s3s=su=0, where si; are the 
scattering matrix elements. Because of this fact and 
the unitary condition on the scattering matrix, all 
magnitudes of the scattering coefficients may be ex- 
pressed rigorously in terms of the two parameters 
| si4/sea| =& and | ss3| =r, where k is an amplitude ratio 
of transmission coefficients of the TE 2 mode between 
two coaxial waveguides, and 7 is a magnitude Olu 
_ reflection coefficient of the TEu mode in a large circular 
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waveguide. The expressions are as follows: 
r kr V1i- 
aloe ne | sie] = el Sige 
Lek? 1+ k? /1 + R? 
k k’r kW1-r 
su| = ~-——) | Soe| = Sr |*595 MaMa, 
Nile 1+ k? V1 + R? 
1 
Soa] = Vie | Sea | = if | S3a| = | Sas | = ()) (1) 


Also, we may get the following relations among the 
phasors of the scattering coefficients by the same con- 
siderations. Denote the phase angle of s;; by ¢:;, then 


gi = 22 = brs + 2mr, 


$13 = 23; 
gis = Goa + 7, and 
dir + 633 = 213 + (2m' + 1)z, (2) 


where m and m’ are integers. 

The value of k, computed from the field configura- 
tion of the TE: mode, is 1.077. Also, the value of dia is 
easily determined because no field disturbance of the 
TEo2 mode occurs at the end of the bifurcation. Upon 
choosing the boundary plane between regions I and II 
as the reference plane for all ports, ¢14 becomes 0. There- 
fore, if we could obtain the values of 7, $33 and ¢13 by 
some means, the whole scattering matrix characterizing 
this bifurcation would be determined by (1) and (2). 


B. Measured Parameters 


As indicated in the previous section, the problem of 
obtaining the scattering matrix of the bifurcation is re- 
duced to the problem of getting the values of 7, $33 
and ¢i3. We have decided to measure these values ex- 
perimentally. The Weissfloch tangent method for the 
TEo. mode has been employed for the analysis of a 
resonance type measurement. The measurements have 
been carried out in a circular waveguide of 5.758 inches 
ID at 5000-Mc band of frequencies. A conducting 
cylindrical partition of 3.145-inch mean diameter and 
0.005-inch thickness is supported concentrically inside 
the circular waveguide by a polyfoam annulus of 1-inch 
length. A polyfoam pill box of the same length is in- 
serted in a corresponding position inside the cylindrical 
partition, in order to keep the same phase constant in 
both the inside and outside regions of the partition 
cylinder. The circular waveguide is closed at both ends 
by movable plungers to form a resonant cavity, as 
shown in Fig. 2. 

The cavity is equipped with exciting and detecting 
magnetic probes. A mode absorbing filter TOMES on 
mode composed of polyfoam and radial resistive cards is 
used to eliminate effects of the spurious modes. In the 
frequency range of interest many spurious resonances 
may occur, since the operating frequency is so high 
that the TEo2 mode can also propagate. 
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The usual Weissfloch tangent method may be applied 
to the measurement of one discontinuity. In our case, 
however, as shown in Fig. 2, the discontinuity of in- 
terest for the TEn mode occurs twice, at both ends of 
the bifurcated region consisting of circular and coaxial 
waveguides, isolated from each other. Although different 
amplitudes of respective modes are excited in both 
waveguides by the incident TE mode, these two 
waves suffer the same amount of phase shift at the end 
of the bifurcation, as shown in (2), and have the same 
phase velocity in the respective waveguides; moreover, 
the TE mode does not couple to the TE2 mode at the 
discontinuities, located at both ends of the bifurcated 
region. Thus, these two waves may be considered as one 
normal mode in the two waveguides, and for the pur- 
pose of determining the three parameters, 7, $33, and 
oi3, the bifurcated region may be represented by one 
equivalent line connected between the discontinuities. 
Then, the Weissfloch tangent method gives us the 
characteristics of the whole circuit, comprising the two 
symmetrically placed discontinuities and a length of 
waveguide. Since this circuit has a symmetrical char- 
acter, with respect to the central plane of this region, 
these over-all characteristics may yield only two in- 
dependent parameters. 


DISCONTING/ TIES 
TO BE MEASURED 


/ DETECTOR 


MOVABLE P/STON 


FT 


—— 
TE on MODE 
FILTER 


Fig. 2—Measuring cavity. 


It is necessary, however, to have three independent 
parameters in order to determine the three parameters, 
r, $33, and $13. Some further measurement is required. 
If we measure the circuit again, changing only the 
length of the bifurcated region, we again obtain two 
parameters. Then, we may determine the desired cir- 
cuit parameters from the four values and the known 
changed length of the bifurcated region. Actually, we 
have employed three cylindrical partitions of different 
lengths, nominally 2 inches, 24 inches, and 3 inches. 
(Actual lengths are 2.032 inches, 2.513 inches, and 3.044 
inches, respectively.) 

The equations relating the desired parameters of the 
bifurcation to these measured parameters may be con- 
veniently determined by expressing every portion of 
the circuit in the form of a scattering transfer matrix, 
because the bifurcated region may be expressed by one 
line for this purpose, as mentioned before. 

Even though polyfoam has a dielectric constant 
similar to that of air, it is better to treat it as a distinct 
portion, and thereby compensate for any effect caused 
by polyfoam. We have measured the dielectric con- 
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stant of polyfoam by the Weissfloch tangent method in 
the same circular waveguide for the TEo: mode. This 
constant has been 1.027, which has been employed to 
compensate for the polyfoam effect. 

We have measured the various coaxial bifurcations 
with different lengths by the above method at four 
different frequencies within 5000-Mc band, The scat- 
tering transfer matrix elements of the bifurcation may 
be calculated from the measured values by compensat- 
ing for the polyfoam effect. In this calculation, each 
element is expressed in a form 7;;=T7ij0+ti;, where 
T i; is an element obtained by neglecting the effect of 
polyfoam. The f;; may be determined by a successive 
approximation method to first order in e—1, where e 
is a relative dielectric constant of polyfoam. 

The parameters of the coaxial bifurcation for the 
TEs: mode may be obtained from the calculated matrix 
elements. Frequency characteristics of 7, 633 and $13 are 
shown in Fig. 3. In this figure, 9000-Mc band frequency © 
is also indicated as the abscissa for convenience in 
later application, where a=3Dz. 

These parameters are expected to have a character 
similar to the analogous parameters for an H-plane 
0°= Y junction of a-wide rectangular waveguide, be- 
cause the field configurations for both cases are similar.® 
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Fig. 3—Frequency characteristics of 7, $33, and dis. All reference 
planes are on the boundary plane of the bifurcation. 


CrrcULAR ELEctTrRic MopE DrrectionaL COUPLER 


A. General Characteristics 


Let us consider the characteristics of a circular elec- 
tric mode directional coupler composed of the above 
mentioned bifurcations, which are located symmet- 
rically along an axis, as shown in Fig. 4. If the separa- 
tion L is sufficiently large to neglect the interaction 


*N. Marcuvitz, “Waveguide Handbook,” M I 
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Fig. 4—Circular electric mode directional coupler. 


effect caused by cutoff between the two bifurcations, 
relations between the incident, reflected, and trans- 
mitted waves are easily expressed in terms of the 
scattering matrix elements of each bifurcation, and 
phase delays engendered by the separation. When the 
concealed ports are eliminated, the scattering matrix 
for the over-all coupler network, shown in Fig. 4, are as 
follows: 


by (211 rs Siz Sis Sis 
bs 2 So Soo S: AY 
a 5 a ee | 1 25 26 (3) 
bs as | be S52 S55 S56 
be a6 Ser S62 S65 Sei} 
S513°533 reigil 1 — e712 (63—¢33) 
Sir = S55 = Su ss ate 1+ R? n 
$ 135938 : 
ae ad ee OP 
: U] 
$93°S: i 
S22 = Seg = S22 aos e793 = RS, 
n 
$13” 4 e194 E —r : s 
ee el $42e 194 = e108 + p? (4) 
15 i é ata SoA i+ Pk ; 
51435 = 
Sig = So = a e793 + $148 94e 794 
7 
ke 794 k ok ae | 
= e 10 — 1 
1 + n 
$93” Cue wicca et) —i® 
4.1 =F —j04 — il 
a= a 703 1 S042 704 eaeT : e ot 
n= tr $332@ 2288 ST r2¢@—12 (63-633) 
03 = B3L, 0, = Bale 


Or= 6; — 04 — 2613; (5) 


~where 


(1, Ge, as, ag =the incident wave phasors in the circu- 
lar and coaxial waveguides, respectively, 
(Fig. 4) 

bi, be, bs, bs =the reflected wave phasors in the circu- 
lar and coaxial waveguides, respec- 
tively, (Fig. 4) 
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83;=the propagation constant of the TEo: 
mode in the larger circular waveguide, 
and 

84=the propagation constant of the TE: 
mode in the larger circular waveguide. 


It is evident that there is a simple relation between 
Su, Siz, and Sy», and that these three values are almost 
the same because k is very close to unity. The magni- 
tudes of these values are always small because r is small. 
On the other hand, the magnitudes of Sis, Sig and So 
vary widely between 0 and 1, depending upon the 
phase difference 0. 

There are two conditions for no reflection and in- 
finite directivity. One is that 0;—@33=nm (n: integer), 
and the other is that 7 is cancelled by employing some 
additional matching element which has no effect on the 
TEo2 mode. The former condition is rather complicated 
in design, because 6; is also linearly dependent on 0, 
which is fixed mainly by the specified transfer co- 
efficient. Moreover, this method may. be frequency 
sensitive, because, although the variation of $33 tends 
to compensate for the variation of 03, 6; changes quickly 
with frequency. As we will explain later, the latter 
condition may be expected to yield wide-band charac- 
teristics. 

For either of the above ideal conditions, we have 
the following relations from (3), (4) and (5): 


Sir = Sip = Soe = S55 = Sse = Soe = 0, 
e184 
Sis = LLe [22 + ¢76] 
— ke 194 : 
Sig = S25 Lt [1 eet e0], 
Soe = ne [1 + Re-10]. (6) 
1+ k? 


A vector diagram of Sis, Sig, S25 and Sy is shown in Fig. 
5. As illustrated in this figure, the magnitudes of Sis 
and Sx. are the same. The phase angles between Sig 
(or S25), Sis and So are not 7/2, as in the analogous 
rectangular waveguide short-slot junction, but 
a/2+(@/2—a) respectively, where 


sin © 


—l 5 
/1 + 2k? cos @ + kt 


a =sin 


However, as & is very close to unity (actually 1.077), 
(Q/2—a) is a small quantity. The magnitudes of Sis, 
Sig, Sos and Sog are widely changed by 0. If © becomes 
QInr (n:integer), Sig=Sx=0 and | Sis| = | Sos | ==]: 
Nevertheless, Si; and Sg may not vanish completely, 
even though a very small minimum value of 0.0745 
(—22.6 db) occurs at 9 =(2n+1)m. If O is chosen to be 
2 1)2 
Sie abel 90.32°, 269.68°, ---, 


© = (2n + 1) F Cos" 


664 
SVG os) 
S26 
Fig. 5—Vector diagram of Sj5, Sis, Ses and So. 
then 
1 
| Sis | =) Sa, = | Sos = lS on peer 


and the coupler becomes a 3-db hybrid coupler. 


B. Measured Characteristics 


Experiments on this directional coupler have been 
carried out at 9000-Mc band within sectoral waveguide 
instead of circular waveguide. The principle is not 
changed by using sectoral waveguide, and then a very 
simple rectangular to sectoral waveguide taper operates 
as a required mode transducer. Furthermore, it is not 
necessary to worry about spurious modes in such a 
transducer, if the sector angle is chosen properly. The 
experimental setup is composed of H-plane branched 
waveguides, rectangular to sectoral taper waveguides 
and a directional coupler portion as is illustrated in 
Fig. 6. The sector angle is chosen as 22.5° in order to 
render the mode equivalent to the circular TE7, mode 
nonexistent in the sectoral guide. Rectangular wave- 
guides at both ends have the conventional dimension 
of 0.9 inch X0.4 inch so that ordinary components for 
the 9000-Mc band may be employed. Other dimensions 
are shown in Fig. 6. The taper waveguides, which have 
been made by electroforming, are rather long to reduce 
reflection. The directional coupler portion has been con- 
structed by assembling brass blocks and an interchange- 
able partition plate of 0.005-inch thickness between 
them. This permits us to change the dimensions of the 
coupling region very easily, during experiments. 

Frequency characteristics of the measured magni- 
tudes of the transfer coefficients for the directional 
coupler are shown in Fig. 7. We have measured the 
transfer coefficient Sj. between adjoining ports instead 
of the reflection coefficients Si; and Sy, because they 
are proportional, as shown in (4). Calculated values 
which are obtained from (4) and (5) using values of the 
parameters, 7, ¢33 and ¢13, measured at 5000-Mc band 
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Fig. 7—Frequency characteristics of transfer coefficients for the di- 
rectional coupler. 


measured curve, 
-=--- calculated curve. 


in Fig. 3, are also shown on the same graphs. The mag- 
nitudes of the same transfer coefficients vs the coupling 
length are shown in Fig. 8. The measured values, in 
both cases, are in good agreement with calculated ones. 
The fact that the difference between measured and cal- 
culated values increases as the coupling length becomes 
short is thought to be a result of cutoff mode interac- 
tion between bifurcations, which is neglected in the 
calculation. |Sis| and |Sx5| are, in general, not dis- 
tinguishable in these figures, unless the reflection co- 
efficient becomes quite large or |.5j5| becomes very 
small. 

As illustrated in Fig. 7, the variations of | Sta and 
| Sie with frequency are rather small. This is attrib- 


uted to the fact that variations of (0;—64) and ¢1; have - 


November | 


Oguchi: Circular Electric Mode Directional Coupler 665 


Fig. 9—TEo mode admittance characteristics of the coaxial bifurca- 
tion, seen from the circular waveguide. 
@ refers to the boundary plane, 
@ refers to the plane 0.365 inch apart from the boundary plane, 
and 
@) refers to the addition of a strip of 0.04 inch width. 


COUPLING LENGTH IN INCHES quencies than at lower ones. An inductive susceptance 

f , Se oe : : 

Fig. 8—Transfer coefficients vs coupling length characteristics. has this character. Thus, a thin — matching ele 
——— measured curve, ment (same thickness as the partition) with finite 


> eas PLM HEB width in the axial direction, located on the same cylin- 


drical surface as the bifurcation, may be used for the 
matching element, because the strip has an inductive 
the same trend with frequency, as shown in Fig. 3. susceptance for the TE», mode and no appreciable ef- 
Then the variation of © becomes small. Thus, we may fect on the TEo: mode. The susceptance may be calcu- 
expect a wide-band component if we utilize these char- lated approximately.» With the addition of a strip of 
acteristics properly. 0.04-inch width at that position, the input admittances 
As mentioned before, there are two methods for re- of the bifurcation move into the area around the center 
ducing the reflection coefficient. The method which on the chart, as shown on curve 3 in Fig. 9. This figure 
cancels S;; by some matching element is better than the explains the possibility of wide-band matching. 
other in all respects. The TE: mode admittance char- Actually, it was necessary to determine, experimen- 
acteristics of the bifurcation, seen from the circular tally, the optimum position for the matching element, 
waveguide and referred to the boundary plane, may be because the effective length between the edge of the 
obtained from Fig. 3 and have been replotted on a _ bifurcation and a matching element might be influenced 
Smith chart, as shown on curve 1 in Fig. 9. In trans- by the higher modes generated in the vicinity of bifur- 
forming admittances along the guide by rotation about cation. The optimum length found was considerably 
the center of a Smith chart, a given physical length of _ shorter than the calculated one, and was 0.286 inch. 
guide represents more rotation on the chart at higher The matching strips actually used were of the same 
frequencies than it does at lower ones. Therefore, if the dimension as the calculated ones. 
admittances represented by curve 1 are transformed Another important point is that a matching element 
properly along the guide towards the generator, the causes a phase shift of the transmitted wave in the 
admittances at all frequencies may fall near the curve TE», mode. Suppose a shunt susceptance of B/ Yo 
of unity conductance on the chart. These transformed would cancel reflections completely; then the addi- 
characteristics are shown on curve 2 in Fig. 9, in which tional phase shift of the transmitted wave caused by 
the physical length of the guide of 0.365 inch is selected, the shunt element is given by tan-!(—B/2Y»). Thus, 


and higher order mode effect, caused by the bifurca- 


tion, is assumed to be neglected. These characteristics 4 The usual short-slot hybrid junction has a character similar to 


iti susceptance element this coupler. Therefore, it would probably be better to use an in- 
show that the addition of a shunt-st . ductive element in that case also rather than the capacitive one, 


at this reterred position gives wide-band match- which has been commonly used. (See footnote 2.) 
place p ‘ , 
ing, if the susceptance has smaller value at higher fre- 5 Marcuvitz, op. cit., p. 257. 
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if inductive matching elements are employed, it is 
necessary to make the coupling length longer, in order 
to get the same transfer coefficient as previously ob- 
tained without a matching element. 

The measured magnitudes of the transfer coefficient 
for a directional coupler are shown in Fig. 10. The 
coupling length has been chosen with an aim towards 
obtaining a hybrid junction. It is evident in this figure 
that, with the inductive matching elements, the magni- 
tude of | Sis becomes quite small in a wide frequency 
region. Since the taper waveguides, bends, and termina- 
tions at the output ports have small reflections, these 
effects upon | Sis| may not be negligible, if | Si2| be- 
comes very small. [It has been confirmed that the 
VSWR of the terminations are less than 1.03 (return 
loss = 36.6 db) in the entire frequency region of in- 
terest.] Nevertheless, it is clear that wide-band match 
has been obtained, and that the inductive matching 
elements were quite suitable for this purpose. Also, we 
were able to get a 3-db hybrid coupler at the center 
frequency with dimensions of the coupling region as 
shown in the upper right of Fig. 10. The transfer co- 
efficients .Si5, Sx and Sig also have fairly wide-band 
character. The calculated values shown in the same 
figure are obtained from (6), taking into account the 
phase shift caused by matching elements, which is de- 
termined by the calculated susceptance value. The 
calculated and measured values are in very good agree- 
ment with one another. 


APPLICATIONS 


Finally, some applications of this directional coupler 
are described briefly. 

These couplers may be used as the important ele- 
ments of a branching filter for the TEo mode, together 
with two rejection filters, which are coupled inner and 
outer waveguides between two couplers, respectively.® 
In this case the coupler in a semicircular waveguide 
may be employed conveniently. 

Another application is a TEq-TE: mode trans- 
ducer. If we choose the ratio of | Sis} to | Sis) equal to R, 
and the phase shift between Si; and Sie equal to 7, then 
the output waves have the same field configuration as 
that of TEo2 mode. The required conditions may be at- 


_'W. D. Lewis and L. C. Tillotson, “A non-reflecting filter for 
microwaves,” Bell Sys. Tech. J., vol. 27, pp. 83-95; January, 1948. 
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Fig. 10—Frequency characteristics of transfer coefficients for a hy- 
brid junction with inductive matching elements. 


measured curve, 
—----- calculated curve. 


tained by a proper coupling length for the coupler 


k? — 1 
© = cos"! = = 86: 


v") 


and the phase shifter. The TEo. mode incident in a 
smaller circular input waveguide is transferred to the 
TEo2 mode in a larger circular output waveguide. 
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An Equivalent Circuit of the 
Internal Cavity Reflex Klystron- 
Amplifier 


The experimental results of microwave 
amplification by the reflex klystron 2K25 
have been reported.!~4 An equivalent circuit 
of the 2K25 amplifier was developed and 
checked with the experimental results. 

The fundamental circuit arrangement of 
the 2K25 internal cavity reflex klystron 
amplifier is shown in Fig. 1. The tube is 
mounted in the middle of the waveguide. 
The center conductor of the coaxial output 
line is extended and terminated by a variable 
reactor. Microwave signals are fed into the 
left opening of the waveguide and taken out 
of the right. 

An equivalent circuit of the 2K25 reflex 
klystron amplifier is shown in Fig. 2. The 
letters A, B, C,---, in Fig. 1 correspond 
to the letters A, B,C, - - - , in Fig. 2. In this 
case, losses in the cavity resonator and 
transmission lines are neglected. In Fig. 2, 


l,,2,3=line-lengths of the coaxial lines, 
di,2,3= Wavelengths on the lines, 
Zo1,2,3=Characteristic impedances of the 
lines 
Zoi.2=driving point impedances across 
the terminals FH, Z,; for the input 
side and Z,2 for the output side, 
Xs =a reactance of the variable reactor. 


The equivalent parallel resistance Rsi, 
and the parallel reactance X;, of the ex- 
ternal circuit impedance across the grids of 
the reflex klystron 2K25 are given by ele- 
mentary analysis of the equivalent circuit 
shown in Fig. 2, as follows: 


Rs, = Z?/Rep(wM)?, (1) 
Xs, = — Z?/|@C pZ? + (Xep + wL.)(wM)? 
gehen =X onwle Sw lphen'| (2) 


where 


Z? = {(wM)? — w*L.Lp — XcpwLp}* (3) 
+ w*Lp?Rep?. 


_ Here, Rep and X¢ep are equivalent series re- 
sistance and reactance of the right-hand side 
of the network across the terminals CD in 
Fig. 2, and are given by either analysis or 
Smith Chart. Apparently these are functions 
of X,. Thus, the values of Rs, and Xz, can 
be adjusted by changing X., the reactance of 
the variable reactor. 


* Received by the PGMTT, May 27, 1960; re- 
vised manuscript received, July 27, 1960. 

1K, Ishii, “Microwave amplifier,” 
Patent No. 24710; August 13, 1958. : P 

2K. Ishii, “X-band receiving amplifier,” Elec- 
tronics, vol. 28, pp. 202-210; April, 1955. ‘ 

3 K, Ishii, “One-way circuit by the use of a hybrid 
T for the reflex klystron amplifier,” Proc. IRE, vol. 
45, p. 687; May, 1957. j 

4K. Ishii, “Impedance adjustment effects on re- 
flex klystron amplifier noise,” Microwave hive’ VOly aay 
pp. 43-46; November, 1959. 
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Fig. 1—Fundamental circuit of internal cavity 
reflex klystron amplifier, 


320, gu4uch 
957. Sanh 


B i, 
GC, 

A RA 

aM 

0834 nuf 23.84uf 


‘ 
(07.392 6739Q. 2 


1726. | S2 Sees Cutoff 
0-49 cm for Co- oy, 


x oF CTS For Cutoff (€,=2,25) 
44. 3S for Co-ax(g=2.5¢) 


(G= 1) (€y=254) Ve 0.0055 94k 


Operating frequency: 1160 mc 


F35R2L For Gitoff y 


10.022 for Co-ax 


Fig. 2—Equivalent circuit of internal cavity reflex klystron amplifier. 


b,=5 mm a, =|1.5 mm 


; 
eb, XSi on 


e lola. cm 


Fig. 3—Coaxial variable reactor. 


The value of X, for the coaxial variable 
reactor shown in Fig. 3 is given simply by 


X, = Zo tan (2alo1/A), (4) 


where Zoo is a characteristic impedance of 


yeas 
“* " 16rabes 


r 


{To(ob) - To(oa)} {aKi(oa) — bKi(0b)} — {Ko(ob) — Ko(oa)} {b21(0b) — ali(ca)} 


External 
conductor 2.25 mm é 
0.44 ym | > 
Prana 
Bea Rekeees 
Internal I~—s 
conductor |! 
S 
0.045 mM 


Fig. 4—Cutoff variable reactor. 


the coaxial line. On the other hand, the value 
of X, for the cutoff variable reactor, which 
was newly designed for this amplifier circuit, 
shown in Fig. 4, is given by the following 
equation: 


(5) 


T,(ob)K (oa) — I1(ca)Kyi(ob) 
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TABLE I 
Ourput IMPEDANCE ACROSS THE GRID 
OF THE REFLEX KLYSTRON 
Reactor | Rsk X sh Rsp cos & 
Cutoff | 2.99 X105 Q) — 3.91 X103 Q| 3.91 K108 2 
Coaxial | 2.75 X105 2} —19.01 X103 Q 1.89 X108 
TABLE II 
GAIN MEASURED AND CALCULATED 
Gain (db) Anode Repeller Gain ( 
Reactor Mineral |) Valier We = Io (ma) N B Calculated 
en i j F 7 Zi 
Cutoff PEI 280 88 Tad 10.75 O7525 2 
Coaxial 28.0 | 304 268 2S) 6.75 0.55 29.1 
3170 dg 3170 dg / /m 
Nole: B = sin — vs =) N = 4fl / — Vo/(Vo + Vr) 
2r/ Vo 2r»/ Vo 2e 


1 = 3.44 X10%m, 
Gap-distance dg = 0.61 X 10°? m. 


where J,’ and K,’ are the modified Bessel 
functions and 


2 2 
(a) 
4s r 

This cutoff reactor gives the same positive 
reactance for extremely small distance of the 
shorting plunger setting in comparison with 
the coaxial reactor. The cutoff reactor is 
mechanically simpler than the coaxial type. 
The numerical circuit constants used to 
obtain the values of Rs, and X,, are shown 
in Figs. 2-4. The dimensions are based on 
measurement of the actual circuit used. The 
constants of the klystron cavity Cp, Lp, Ls, 
and M were calculated by Fujisawa’s 
method.®* The impedance Z,, and Z, in 
Fig. 2 were calculated by Tanaka’s method.? 


The reactance of the antenna, Xo, was cal- - 


culated assuming it was a uniform cylindri- 
cal conductor. The computed results of Rsa 
and X,, are given in Table I, where cos ¢ is 
the power factor of the circuit. These values 
were checked by the experiment in the fol- 
lowing way. 

The gain of the reflex klystron amplifier 
can be calculated by the following equation® 
based on the regenerative action of the elec- 
tron beam. 


A st 
~ Vo — [n8?RexN cos 


(7) 


where 
A =gain, 
V)=anode voltage, 
I) =effective electron beam current, 
8=beam coupling coefficient, 


N=number of electron transit time 
cycles in the repeller space. 


5 K. Fujisawa, “The precise L.C.R. parallel equiva- 
lent circuits of re-entrant cavity resonators,” J. Inst. 
Elec. Commun. Engrs. Japan, vol. 36, pp. 151-158; 
April, 1953. 

6 K, Fujisawa, “The precise L.C.R. parallel equiva- 
lent circuits of re-entrant cavity resonators (Supple- 
ment),” J. Inst. Elecs. Commun. Engrs. Japan, vol. 36, 
pp. 389-392; July, 1953. 

7S. Tanaka, “A broad band coaxial to wave- 
guide junction,” J, Inst. Elec. Commun. Engrs. Japan, 
vol. 37, pp. 172-176; March, 1954. 

8 T. Okabe, “Microwave Amplification by the 
Use of Reflex Klystrons,” Rept. of Microwave Res. 
Committee in Japan, Tokyo; June-July, 1952. 


The calculated results are listed in Table 

II with some measured data such as anode 

and repeller voltage, effective current, and 

dimensions of the tube. As shown in this 

table, the calculated gains are in good agree- 
ment with the measured gains. 

Koryu IsHIl 

Dept. of Elec. Engrg. 

Marquette University 

Milwaukee, Wis. 


Some Comments on the Method 
of Kyhl* 


The purpose of this letter is not to criti- 
cize the philosophy of Kyhl’s! method nor 
even to engage in a debate as to whether his 
method is, or is not, more useful than ours.?*3 
We find his proposals both interesting and 
meaningful. First, we would like to call at- 
tention to two errors in his letter and then 
to show the close relation of his method to 
ours. 

Let us consider his method. He proposes 
that a “T” =1/I be used when | r| Sle ibis: 
he claims, will produce his “double SMITH- 
HTIMS chart.” This is in error because, if 
|r| >1, the original point in the extended 
Standard Smith chart* is without the unit 
circle, and the inversion type operation 
(with or without the minus sign) within the 
unit circle; hence, the “HTIMS” part of the 
chart will coincide with the regular Smith 
chart. 


* Received by the PGMTT, June 16, 1960. 

1R, L. Kyhl, “Plotting impedance with negative 
resistive components,” IRE Trans. ON MICROWAVE 
THEORY AND TECHNIQUES, vol. MTT-8, p. 337; May, 
1960. 

2D. J. R. Stock and L. J. Kaplan, “An extension 
of the reflection coefficient chart to include active 
networks,” IRE TRANS. ON MICROWAVE THEORY 
ae TECHNIQUES, vol. MTT-7, pp. 298-299; April, 
1959, 

3 L. J. Kaplan and D. J. R. Stock, “The representa- 
tion of impedances with negative real parts in the 
projective chart,” IRE TrANs. ON MICROWAVE 
THEORY AND TECHNIQUES, vol. MTT-7, p. 475; 
October, 1959. 


THEORY AND TECHNIQUES 


November 


To obtain Kyhl’s “double SMITH- 
HTIMS chart,” we suggest the following 
construction. An inversion in the unit circle, 
followed by a symmetry? (reflection) with 
respect to the line P=1. This can be written 
analytically as “Ir” =—I'*-+-2, where 
T*=1/T*. 

We next consider the statement that our 
method is not analytic. By this statement, 
we presume that Kyhl means that the modi- 
fied 8 and the modified 6 transformations, 
or the Darboux transformation® as shown in 
footnote 2, is presented in its natural graph- 
ical form. The following is the transforma- 
tion in analytic form: 


[r, = 1/r*, In [Or’, AB] = 21n [OT,, AB], 


Liege MB 
14+|(r[? 14+ |r 


where A and B are the two points on the 
unit circle, intersected by the straight line, 
connecting the center (O) and the inverse 
point (I). The brackets indicate the cross | 
ratio of the four points in question. The final 
analytic form shows the invariance of the 
final point with respect to inversion in the 
unit circle, which was proven geometrically.” 
It is noted that the above equation is essen- 
tially the same as that stated by Deschamps® 
for the 8 transformation. 

In comparing our results with Kyhl’s, we 
shall use his method with our modification. 
It is conceded that there are other ways to 
correct the proposed method. The first step 
of inversion is the same in both procedures. 
The difference occurs in the second step. 
Our transformation (which is of course the 
Deschamps’? 8 and 6 transformation) is 
best considered as finding the non-Euclidean 
bisector of a line segment.®:§ The second step 
in Kyhl’s procedure, the reflection, is an 
involution.’ The inversion® (also an involu- 
tion), followed by the reflection, is a graphi- 
cal way of performing a nonloxodromic bi- 
linear transformation. The unit circle is the 
isometric circle of the equivalent bilinear 
transformation, which is “If” =(2%—1)/P. 
This result also could have been obtained 
analytically, instead of using the geometri- 
cal interpretation. In summary, it is noted 
that Kyhl’s and our results are quite similar 
in form, both analytically and geometrically, 
but differ mostly in the final presentation. 


/ 


L. J. KAPLAN 

DY |e RoSsnock 

Elec. Engrg. Dept. 
New York University 
New York, N. Y. 


4R. Deaux, “Introduction to the Geometry of 
Complex Numbers,” F. Ungar Publishi 
York, N.Y. 1956. So pont aoe haa 

5 E. F. Bolinder, “Theory of noisy two-port net- 
works,” Tech, Rep. 344, and personal correspondence, 
M.1.T. Res. Lab. for Electronics, Cambridge, Mass. 

_° G. A. Deschamps, “A Hyperbolic Protractor for 
Microwave Impedance Measurement,” Fed. Tele- 
commun, Lab., Nutley, N. J., 1953. 

ES IN Deschamps, “Determination of reflection 
coefficients and insertion loss at a wave-guide junc- 
ee J. Appl. Phys., vol. 24, pp. 1046-1050; August, 

8 L. J. Kaplan and D. J. R. Stock, “Non-Euclidean 
oe eee ce ations for Microwave Networks,” 

ew York University, College of E a ag ‘ 
2003 Pte oS inet 1959, wee sonra 
. F. Bolinder, “Impedance and Power Trans- 
formations by the Isometric Circle Method and Non- 
Euclidean Hyperbolic Geometry,” M.LT. Res. Lab. 


for Electronics, Cambridge, M : 
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Reply by R. L. Kyhl 


I have no disagreement with the com- 
ments of L. J. Kaplan and D. J. R. Stock. 
I was thinking of plotting the two parts of the 
chart from different origins. My chief inter- 
est was in the type of graphical display 
chosen. : 

While the issue was at the press, a similar 
use of a double chart was published else- 
where.!° 


10 R. M. Steere, “Novel applications of the Smith 
Beit Microwave J., vol. 3, pp. 97-100; March, 


Scattering Matrix for an N-Port 
Power-Divider Junction* 


INTRODUCTION 


During the course of an investigation of 
a data-processing technique yielding effec- 
tively reduced sidelobes and beamwidth for 
a microwave radar antenna, the need arose 
for multiport power dividers. In order to 
avoid an undesirable decrease in the signal- 
to-noise ratio, it was necessary that these 
dividers waste no power. Consequently, a 
scattering matrix was sought which would 
have the obvious requirement that there 
be no wave reflected in the input port and 
which would allow the power to be divided 
into arbitrary but fixed relative parts. 

It should be noted that there now exist 
two methods! for synthesizing an m-port 
junction at a single frequency directly from 
the normalized scattering matrix, without 
use of the associated impedance matrix. 


THE SCATTERING MATRIX 


A reciprocal, lossless junction can be rep- 
resented by a symmetric, unitary scattering 
matrix S’. It is sufficient to consider a real 
matrix first without losing generality, be- 
cause the matrix S’ for the general case (in- 
cluding phase shifts) can be derived from 
the real case by a simple transformation.? 

The purpose of this paper is to find the 
scattering matrix for an n-port junction, 
such that when a wave is fed into, say, port 
one, there will be no reflected wave in that 
port, and such that the amplitude of the 
wave transmitted to port & is equal to a 
given x;. Analytically expressed, this re- 
quires that 


xe = Dd Seidui = Su (1) 
i 
where the x; are subject to the restriction 
= 0 and- >: x= 1. (2) 
k=2 


* Received by the PGMTT, July 15, 1960. i 
1D, C. Youla, “Direct single frequency synthesis 
from a prescribed scattering matrix,” IRE TRANS. 
on Circuit THEORY, vol. CT-6, pp. 340-344: Decem- 


ber, 1959. : ‘ . ; 
2 “Reference Data for Radio Engineers,” Ameri- 


_ can Book—Stratford Press, Inc., New York, IN ees 
4th ed.; 1956. 
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Symmetry requires that 
Si == Senn (3) 


and unitarity, which reduces to orthogonal- 
ity for the real case considered here, re- 
quires that 


2 Gise= Doan = be (4) 
v=] k=1 


[where use has been made of (3) ]. 
the matrix S satisfying (1), (3), and (4) 
may be obtained as follows: 


Ne Say =), 
B. Sx = ax? —1 fork > 1, | 
C. Si = Sy; = aia; fori ~ 7,7 > ies 
DSi = sii— x ford > 1 


(S) 


To prove that (5) is the required solution, 
it is only necessary to verify that it satisfies 
(1), (3), and (4). From A and D, it is evident 
that (1) is satisfied, and from C and D it is 
evident that (3) is satisfied. To verify that 
(4) is also satisfied, it is necessary to consider 
separately various possible values of 7 and j, 
because of the special nature of the various 
Se 

1) ¢=7=1. 

Using (2) and the rules given in (5), 


Dy SuSn = >) a? = 1, 
k=1 k=2 
which satisfies (4). 
2) a=, 
Proceeding as above, 


> SwSix = Sa? + Sx? + DD SaSs 


k=l kAlyi 
= x24 («2 — 1)? +a? DO x. 
kei 
According to (2), the above sum on bk is 
(1—»;?) and hence the right side reduces to 
one as required. 


3) ejb 
Dd SinSiy Soi 4S Soe aye Sore e 
=i 
15 OS AS (6) 
kAlvting 


It is necessary to consider separately the 
case t=1 (or j=1) and 1#1¥47. 

2\)) ssl. 

For this case, the above expression re- 

reduces to 


DS SuSig = a5(0,2 — 1) + aj DE x? = 0. 
k=1 ky 
The case j=1 is essentially the same as 
that above and therefore (4) is satisfied 
in both of these cases. 
b) 14177. 
For this case, (6) becomes 


n 
ys Sieg = Cay D0 0g? fg 2) 
k=1 
+ X{Xj » 0K? 
kAij 
When use is made of (2), the above equa- 
tion reduces to zero as required. 


CONCLUSION 


It has been shown that it is theoretically 
possible to provide a junction which will di- 
vide an input wave into many output waves 
of arbitrary but fixed relative amplitudes. 
The arbitrariness of the power division 
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means that one may choose any ratios for 

the output waves and have no reflected 

wave in the input port. Once such a divider 

is constructed, however, the ratio of the 
output waves is fixed. 
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Ground Systems Group 

A Division of Hughes Aircraft Co. 

Fullerton, Calif. 


Lossy Resonant Slot Coupling* 


The paper by Allen and Kino! suggests a 
novel method of combating troublesome cut- 
off oscillations in periodic slow-wave struc- 
tures. The idea is to couple loss periodically 
inte the system through slots which are 
resonant at the center of the (narrow) oscil- 
lation range. The high Q of the slots will 
effectively decouple the loss in the operating 
range of the pass band. 

To develop this idea, we start with Allen 
and Kino’s (13) for the voltage $(«) along 
the slot in terms of the tangential HT field 
along the slot. With respect to their Fig. 2 
coordinates, shown in Fig. 1 below, we can 


£ 
< 
H 
R 


coupli 
' pling 
hole wall 


Fig. 1—A lossy slot in a cavity wall. Voltage (x) 
exists across the slot gap, d 


write the transmission line equation for the 
slot voltage as 


(0?/dx? + k?)b(x) 
= jes Letl ene aa H,| (1) 


where the tangential magnetic field is 
(IH n)4 on the +z- or cavity side of the 
slot and is H,_ on the —z-side. Eq. (1) 
can be derived rigorously for a TEM slot 
mode. The caret denotes a total field, and 
we have split the cavity field into an ampli- 
tude I, and a vector field pattern H. for 
equivalent circuit purposes; this notation 
differs from that of Allen and Kino. Lo is 
the slot inductance per unit length in the 
x-direction, 

Let us introduce the lossy susceptance 
G+ 7B by saying that the average voltage 


* Received by the PGMTT, July 20, 1960. 

1M. A. Allen and G, S. Kino, “On the theory of 
strongly coupled cavity chains,” IRE TRANs. ON 
MICROWAVE THEORY AND TECHNIQUES, vol. MTT-8, 
pp. 362-372, May, 1960. 
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across the gap, ¢(«)/d, produces H,_ accord- 
ing to 


H,-d = $(x)(G + 5B) (2) 
so that (1) may be written as 
(82/ax? + K2)6(x) = — joLol Hex 
. Lo 4 
a ts ii) 
= k? — juw(Lo/d)G. (3) 


(Note that Lo/d is well-behaved as d ap- 
proaches zero because Lo==(ud/h). Tt will turn 
out that we will need very little conductance 
G for our purposes; hence w(Lo/d)G<«k?, and 
since B is presumed on the order of G, we have 
neglected w(Lo/d)B above. 

Eq. (3) is our transmission line equation 
for slot voltage ¢(«), with a loss term repre- 
senting decay of a wave traveling along the 
slot x-axis. The equation says that all power 
flowing into the slot from the cavity is ab- 
sorbed by G. To prove this, merely multiply 
(3) by #(x)* and integrate from x= —//2 to 
+1/2. By integration of the first term by 
parts we obtain 


power from cavity 
+1/2 


(x)dx 


1/2 Rel * Hex i) 


—1/2 


+1/2 

/2G/d [| dx 
1/2 

= power into G, consistent with (2). 


We shall use the first expression for power 
flow rather than the second. 

Webster’s solution (15) of the reference 
reduces, for the case of J,H.. constant over 
the long narrow slot, to 


F ee 2)simixd/2 
$(x) = ar jJoLol H cx ea 
x sin Kl 
-[cos xx — cos «l/2| (5) 


which correctly reduces to zero at the ends of 
the slot, x= +//2. 

With slot voltage ¢(x) known in terms of 
I, from (5), we now want to determine cavity 
mode amplitude J, in terms of ¢(«). Suppose 
the unwanted oscillations occur near the 
x-cutoff frequency of the first pass band of 
a cavity chain with hole coupling from one 
cavity to the next. In sucha “cold” structure 
of w-phase shift, the magnetic field will be 
purely normal and the electric field purely 
tangential to the cavity coupling holes. We 
conveniently define the cavity m-mode pat- 
terns FE, and H, as 


VX E. = kh, (6a) 


VX H,= bE, (6b) 


ik E 2dv = f H 2dv iy 


cavity volume (normalization) (6c) 


SI 
ll 


4 0 on coupling holes, 
LE. X % = 0 on the “lossy” slot surface and 


metal walls. 


In a frequency range near the z-cutoff, 
we expand the fields of Maxwell’s equations, 
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but not their curls, in the one-7 mode, as 


VX B= —jonl(lH), (7a) 
VX H=T + joe(V-E.). (7b) 


The interaction of the beam current density 
J with the circuit near the cutoff causes the 
unwanted oscillations. Eqs. (7a) and (7b) 
neglect the irrotational field, which is weak 
compared to the one strongly-excited sole- 
noidal 7-mode. 

To evaluate Ve and J. of (7) we dot- 
multiply (7a) by H.; (7b) by #.; integrate 
both equations over the cavity volume, and 
integrate the curl & and curl H terms by 
parts, v7z., 


[Bev x fdv 


Ex H.,-ids 


slot 


= { Ev x Ado + 
= { Velie: (Reli,)dv + EXH.-ids. (8) 
v slot 


We obtain the equations for amplitudes V, 
and J, as 


krVe = — (1/r) iyb(x) X tH ex 
slot 
-(—i,)ds — jopl. (9a) 
Ryle = jweV, + keAL (9b) 
with 
poe neh [ [7 Bac 
+ Esx fi-nds |. 
coupling holes 


Note that the last integral in k,AJ represents 
the cavity hole coupling to its neighbors by 
means of tangential H on the hole surfaces. 
Thus we do not consider resonant slot cou- 
pling between cavities, effected by tangen- 
tial # on the slot surfaces. Next, we will 
compare the power flow through the cou- 
pling holes with that dissipated across the 
slot in such a way that k,AI will be irrele- 
vant in (9). But first we derive the equiva- 
lent circuit. 

If we divide both parts of (9) by R,2 and 
define equivalent circuit quantities as 


|e 


Ve = Vic/ke (volt) eee 
I! = I./ke (ampere) C. & ¢/ky (10a) 
Z;, slot impedance 
_ Lo Hex® 2'sin d/2 
= + — 
Ry 7 «sin kl 
NRE 1 
. [2 sin = — xl cos =| (10b) 
Io G 
~k-jwo— —; 
K j ob a (10c) 


from (3) for small loss, then (9) and (10) 
give us 


Vag: a Zale = jedkalhs 
Tl = jeCoVel © ATR, 


(11a) 
(11b) 


ll 
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which has the equivalent circuit representa- 
tion shown in Fig. 2 below. It may be 
verified that the time average stored energies 
and the power flow into Re (Z,) of the cir- 
cuit are equal to the actual ones times the 
dimensionless factor (k,37)~!. Closer exami- 
nation would reveal that the power flow 
2 Re V./(AI/k,)* represents flow into the 
beam and across the coupling holes by the 
sare factor of proportionality. 


Fig. 2—Equivalent circuit for the cavity excited by 
the slot. Zs is the slot impedance. The effect of the 
beam current and coupling to adjacent cavities is 
represented by AI /Rz. 


Now we note the fact that the electro- | 


magnetic power flowing into the cavity 
across a coupling hole (through which the 
beam may be flowing) is proportional to the 
product of amplitude of electric field V., and 
I.*, which is proportional to V,* in (11a). 
Therefore the electromagnetic power flow in 
the chain is proportional to | V.’|? in the 
equivalent circuit. Since the power dissi- 
pated into Re (Z;) is also proportional to 
| V.'|2, we see that the significant parameter 
for comparison of power input to a cavity 
with power dissipated is 


1 Re Z, 
— , (12) 
2 |2,+-joL.|? 


Pi! / Ve 


P, being the equivalent circuit power dis- 
sipation across the lossy slot. We shall call 
the ratio of (12) the relative power dis- 
sipation. 

We now show that as conductance G of 
the lossy material goes to zero, the relative 
power dissipation tends to concentrate in a 
narrow frequency range about the slot reso- 
nant frequency. Let us define the loss 
parameter a as (wloG/2dk) from (10c). For 
small loss, |Z.|«wZ- in (12) and Re (Z,) 
varies rapidly about k/=7, the first half- 
wavelength resonance of the slot, so we 


write Pa’/V.’|2 as 
Pa'/| Ve" |? 
_1 1 ob Het 27), Fe 
1 @L) bh + wr 
jsindd/2,_ 
R, = Re~——— [2 sin el /2 — xl cos xd /2] (13b) 
sin «l 
xb = Rb = jad a= (5) 
2 \d 


Plots of R,’ as a function of the slot length 
kl, in radians, appear on Fig. 3 for various 
losses al. Because |Z.| KwL, in the range of 
R,’ shown, the equivalent circuit current J,’ 
in Fig. 2 remains constant for fixed | V.’| but 
as al decreases, G decreases and Re (Z,) in- 
creases, hence the relative power dissipation 
at m increases with decreasing al on Fig. 3. 
Note that in describing the behavior ofthese 
parameters we have not involved the reso- 


nant circuit properties of the Fig. 2 circuit; | 
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Fig. 3—Relative power dissipation measured by R,’ 
vs frequency w, for various values of the loss 
parameter al. 


hence, the Fig. 3 behavior in no way contra- 
dicts the behavior of Q with loss and fre- 
quency. 

A properly designed lossy slot will not 
have the relative power dissipation so large 
at the slot resonant frequency wp that suf- 
ficient power will dissipate within the pass 
band to interfere with operation there. Nor 
should it be so small that sufficient residual 
power remains to start oscillation. One de- 
sign procedure is the following: 

1) Decide from a calculation of power 
flow across the coupling holes how much 
relative power P;/| V.|2 is to be dissipated 
per cavity. Convert this to the equivalent 
circuit relative dissipation by 


Pa’ /| Ve! |? = (Pa/Rx*r) (hx?/| Ve|?) 
(Pa/|Ve|?)\(1/ker). (14) 


(V. is the amplitude of electric field in 
volts /meter.) 
2) Choose a loss parameter 


al = (wpl/2k) (Lo/u)(G/d) 


from Fig. 3 for the desired power dissipation 
bandwidth about the half-wavelength fre- 
quency wo of the slot. This expression in- 
volves two parameters: (Zo/u), the slot 
transmission line inductance/unit length 
along the long axis divided by yu, and (G/d), 
the ratio of the lossy surface conductance 
presented to the slot divided by the gap 
length in Fig. 1. 

3) From the known parameters ky; Her 
at the slot; wu; /, the slot length; and 7, the 
cavity volume, choose (Lo/u)=(d/h) from 
(10b) and (12) for sufficient relative power 
dissipation at frequency wo. 

4) Return to the expression for a/ in 2) 
and, with Lo/u now known, determine G/d. 

We shall see next that the relative power 
dissipation at wo tends to be unduly large 
unless Lo/p2éd/h of the slot is designed 
rather small. 

Some numerical results now follow. Sup- 
pose we have the parameters 


I 


2 H, is easily estimated from the formula for H, of 
the TMo1o mode of _a closed cylindrical cavity, satis- 
- fying (6). It is ig ¥3.7Ji(Rir), where 21 =2.4/(cavity 
radius). 


Correspondence 


ky = 75 ~ 3.6 kme 
Eine =) Wel 
1 = 4.15 & 10°? meter 
7 = 12.2 X 10° meter? 
radius 1/4 inch 


cavity} 


beam current 50 amperes 
voltage 100 ky. 


We estimate from the gain per cavity of the 
small-signal growing wave, which exists for 
synchronism of the slow space charge mode 
with the “cold” circuit near the z-cutoff, a 
value of Priow/| Vel? of 6.8 10-7. Let us dis- 
sipate this amount of relative power through 
the slot, so that Pz/| V.|2 has this value. We 
choose al =0.025 in Fig. 3 so that the slot dis- 
sipation will be effective over 10° or so, cor- 
responding to Af =0.2 kMc. From (14) we get 
Pa'/| Ve’ |2=7.5 X10. Then, from (13) we 
find (Lo/u)2d/h to be about 0.052. This 
value is impractically small but we can in- 
sert a lossy slot into every fifth cavity of the 
chain and dissipate five times the relative 
power in that cavity. Then d/h becomes 
about 0.26. From (13b) for a we get a value 
of G/d of about 110-2. For a #-inch-wide 
slot, G=10~ mho per unit surface area. 
Despite the critical nature of the relative 
power dissipation and the loss bandwidth 
upon G, the idea of lossy slot coupling for 
combating undesirable cutoff oscillations 
looks promising. 
R. M. BEVENSEE 
BE Dept: 
University of California 
Berkeley 


Authors’ Comment* 


The idea suggested by Bevensee for 
coupling energy out of a periodic system by 
a means which is effective only over a nar- 
row pass band is one of many possibilities 
which have been considered in this Labora- 
tory. Another alternative, described by 
Rynn,? for instance, involves the use of 
another propagating structure which is it- 
self lossy and which is coupled to the main 
structure. In this case, conditions are ar- 
ranged for the phase velocities of the two 
structures to be equal over only the narrow 
oscillation pass band. 

A note of caution should be introduced. 
It will be realized from our analysis that a 
long slot is capable of presenting a large 
impedance over a wide frequency band. 
Consequently, if additional slots are cut into 
every fifth cavity of the system, as Bevensee 
suggests, there is the strong possibility that 
new stop bands will be introduced in the 
region of 1/5, 27/5, 37/5, and 47/5 phase 
shift between cavities, and cutoff oscillations 
may occur at the corresponding frequencies. 
The introduction of extra resonant elements 
in an already complicated propagating sys- 
tem can sometimes hinder rather than help. 

G. S. Kino 

M. A. ALLEN 
Microwave Lab. 
Stanford University 
Stanford, Calif. 


3 N, Rynn, “On the periodic coupling of propagat- 
ing structures,” IRE Trans, ON ELECTRON DEVICES, 
vol. ED-6, pp. 325-329; July, 1959. 
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Broad-Band Hybrid Junctions* 


A coaxial version of the wide-band strip- 
line magic T described by E. M. T. Jones 
in the March, 1960 issue of these TRANSAC- 
TIONS was developed jointly at the Mullard 
Research Laboratories and the Laboratories 
of the General Electric Company, England, 
some years ago. It has proved a powerful 
component in the design of broad-band re- 
ceiver circuits and has the advantage of 
small size and geometrical symmetry in addi- 
tion to wide frequency coverage. 

In particular, the circuit has been used in 
broad-band balanced mixers, balanced mod- 
ulators, single side-band modulators, lim- 
iters and isolating power splitters. In each 
case, the property of a 180° hybrid, by which 
isolation is independent of the value of two 
balanced terminating impedances, gives the 
device advantages over the more usual 
broad-band 90° hybrid circuits. Mullard 
balanced mixers type L361 (S-band) and 
L360 (X-band) are examples of the com- 
mercial application of the circuit. 

Devices have been successfully operated 
in the frequency range 1.0-11.5 kMc, and 
for many applications it has proved conven- 
ient to divide this range into five overlapping 
bands. 

The simplest embodiment of the hybrid 
is used, in which one arm contains a shorted 
coupled line filter section and the other three 
arms are simple lines for which @=z/2 at 
midband. In this case, one set of conditions 
for satisfactory operation is 


Ti os 
and 
bry, = Lo = NESE, 


whence 


at midband, where 


6=the electrical length of the three 
similar arms, 
8+7=the electrical length of the filter 
section, 
Z =the characteristic impedance of the 
three similar arms, 
Zoo = the characteristic impedance of the 
unbalanced mode, 
Zoe =the characteristic impedance of the 
balanced mode, 
Z, =Z2= the hybrid terminating impedances. 


Circuits with open-coupled line sections 
and other systems of compensation have not 
justified the additional mechanical com- 
plexity. Moreover, the basic circuit has the 
advantage of superior isolation symmetry 
between the various terminals. If an attempt 
is made to recover this symmetry by com- 
pensating all three remaining arms, instead 
of one as described, extremely broad-band 
isolation characteristics can be obtained, but 
the input match of the device suffers, 

Typical theoretical and experimental 
performance figures for the basic circuit over 


* Received by the PG?) ‘1 T, August §, 1.0, 
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the octave range 60° <@<120° are shown in 
Table I. 


TABLE I 


Theoretical | Experimental 


Tsolation 
Input Match 


>18 db 
<1.4:1 


>22 db 
alias) Sl 


The performance figures observed from 
the four possible input terminals are similar 
over this frequency range. 

S. J. ROBINSON 

For Director 

Mullard Res. Labs. 
Cross Oak Lane 
Salfords, near Redhill 
Surrey, England 
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Lightweight Y-Junction Strip-Line 
Circulator* 


Ina recent issue, the practical realization 
of a Y-junction strip-line circulator was de- 
scribed! which used disks of yttrium iron 
garnet located at the junction of the Y, 
magnetically biased above resonance at ap- 
proximately 2200 gauss. By using a material 
with a lower saturation magnetization (mag- 
nesium, manganese, aluminum ferrite, 471, 
=600) we have reduced the bias field re- 
quired to approximately 190 gauss for fre- 
quencies in the 2-kMc range and to approxi- 
mately 800° gauss for frequencies in the 
i-kMc range, thus reducing considerably 
the weight of the circulator. If the circulator 
is to be operated as a switch, the reduced 
field requirements permit faster switching 
times or, for a given switching time, a con- 
siderable reduction in power supply require- 
ments. 

Fig. 1 shows the results of a circulator op- 
erating at a fixed magnetic bias of 190 gauss. 
Although no attempt was made to deter- 
mine the optimum ferrite diameter for this 
frequency range, it is felt that the perform- 
ance of the circulator would be improved if 
a more optimum diameter were used. 

Below 1400 Mc, the performance of the 
circulator was degraded at these low biasing 
fields, but by reversing the polarity of the 
magnetic field and biasing above resonance, 
good circulator action could again be ob- 
tained. Reversing the biasing field and bias- 
ing above resonance does not change the 
direction of circulation, as may be seen by 
referring to the equation below given by 


* Received by the PGMTT, August 15, 1960. 

1U. Milano, J. H. Saunders, and L. Davis, Jr., 
“A Y-junction strip-line circulator,” IRE TRANS. ON 
MIcRoWAVE THEORY AND TECHNIQUES, vol. MTT-8, 
pp. 346-351; May, 1960, 
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Fig. 1—Circulator characteristics with fixed dc 
magnetic bias; Hpc =190 gauss. 


Fig. 2—Typical variations of real components of 
tensor permeability as a function of dc magnetic 
field. 
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Fig. 3—Circulator characteristics with fixed dc 
magnetic bias; Hpc =820 gauss. 
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Auld? for the change in the ath eigenvalue 
(852) of the scattering matrix of the sym- 
metrical Y-junction due to the application 
of the magnetic biasing field. The magnetic 
biasing field splits the reciprocity degen- 
eracy of the eigenvalues to give circulator 
action: 


b ao 
Sa = i ». A_p»~Y%A,p™ 


2p” Pp=—xn 


fa 
Ye = a) fo fal? fylerrdr 
“ 0 


R 
+ je [ bf9> x fi@rdrba x0 
0 


where » and « are the components of the 
peameability tensor and the other symbols 
are as defined by Auld.? 

A typical variation of » and « as a func- 
tion of magnetic field is shown in Fig. 2. The 
magnetic biasing field is adjusted to make 
—p,=0 either above or below resonance. 
Since « reverses sign above resonance, there 


is a reversal in the direction of circulation, 


but.by reversing the biasing field, the direc- 
tion of circulation remains the same. Fig. 3 
shows the characteristics of a circulator bi- 
ased above resonance but still only requiring 
a magnetic field of 820 gauss. Here again it is 
felt that the performance would be improved 
if ferrites of optimum diameter were used. 
Thus by using a material with a lower satu- 
ration magnetization than yttrium iron 
garnet, bias field requirements are reduced 
with a consequent reduction in weight of the 
circulator. 
L. FREIBERG 
Electromagnetic Systems 
Lockheed Missiles and Space Div. 
Sunnyvale, Calif. 


2B. A. Auld, “The synthesis of symmetrical wave- 
guide circulators” IRE Trans. ON MICROWAVE THE- 
ORY AND TECHNIQUES, vol. MTT-7, pp. 238-246; 
April 1959. 


A Novel Broad-Band Balun* 


Broad-band baluns have recently become 
the subject of renewed interest, particularly 
those suitable to couple spiral or planar log 
periodic antennas to the commonly used 
coaxial lines,!~% 

To make such a balun capable of operat- 
ing over the frequency band of 1000-4000 
Me and to take advantage of the strip 
transmission line techniques, the broad-band 


* Received by the PGMTT, September 6, 1960. 
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ary, 1959, 

3 J. W, McLaughlin, D. A. Dunn, and R. W. 
Grow, a wide-band ese IRE TRANs. ON MIcRO- 
WAVE THEORY AND TECHNIQUES, vol. MTT-6, . 
314-316; July, 1958. 2 one 
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phase difference circuit of Schiffman! was 
utilized. In this balun the 50-ohm coaxial 
input is transformed to strip transmission 
line at 50 ohms, which then splits into two 
100-ohm lines in parallel. By an application 
of two 90° phase difference circuits (Schiff- 
man Type A), two outputs with approx- 
imately 180° phase difference over a broad 
frequency band are obtained. These are con- 
nected to opposite sides of a 200-ohm twin 
wire balanced transmission line. Since the 
two 100-ohm striplines are thus effectively 
placed in series, a match is obtained at the 
junction. 

The center conductor of the strip trans- 
mission line is laid out as shown in Fig. 1 
The ratio Z,. to Zo. for the coupled sections 
is taken as 3 with a Z, of 100 ohms. 
This gives Z,.=173 Qand Z,,.=57.7 2. The 
lengths of the coupled sections and the dif- 
ference in path length are made such as to 
give a center frequency of 2750 Mc. The 
photograph of Fig. 2 shows the balun as- 
sembled. 

Measurements of the characteristics of 
the junction were made by the method de- 
scribed by Wentworth and Barthel.® The 
VSWR of the junction as determined by this 
method is shown in Fig. 3. This indicates a 
reasonably matched structure from 750 to 
4750 Mc, a range of greater than 6 to 1. 


4B. M. Schiffman, “A new class of broad-band 
microwave 90° phase shifters,” IRE TRANS. ON 
MICROWAVE THEORY AND TECHNIQUES, vol. MTT-6, 
pp. 232—237; April, 1958. 

5 F. L. Wentworth and D. R. Barthel, “A simpli- 
fied calibration of two-port transmission line de- 
vices,” IRE TRANS. ON MICROWAVE THEORY AND 
TECHNIQUES, vol. MTT-4, pp. 173-175; July, 1956. 
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OUTPUT 
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COUPLED SECTIONS 
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Fig. 1—Center conductor configuration of 
differential phase-shift balun. 


Fig. 2. 
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Fig. 3—Differential phase-shift balun 
VSWR vs frequency. 


Simple tests also indicate that radiation from 
the balanced line only becomes apparent at. 
the extremes of this range. 

This particular configuration for a balun 
arose from a requirement for the balun to 
be mounted on the rear of the flat reflector 
of a broad-band antenna with a minimum 
rearward projection while still allowing rela- 
tively easy changes of reflector spacing. 

Although this model of the balun was 
designed for a balanced output of 200 ohms, 
other output impedances could be obtained 
by suitable tapers either within the balun 
structure or on the unbalanced input line. 
Somewhat larger bandwidths or lower 
VSWR’s could be obtained by taking advan- 
age of the more complex combination of 
coupled sections as indicated by Schiffman. 
This balun uses only the simplest configura- 
tion. 

J. H. CRAVEN 

Radio and Electr. Engrg. Division 
Natl. Res. Council 

Ottawa, Canada 
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Leo Young (M’54-SM’57), for a photo- 
graph and biography, please see page 470 
of the July, 1960, issue of these TRANSAC- 
TIONS. 
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—here are design parameters uniquely defined 


Note how comprehensively D-B parameters 
cover all requirements of a standing wave 
detector. 


D-B units are designed for unprecedented accu- 
racy, repeatability, and operator convenience. 
They’re built with high-precision parts, under 
close quality control. Attractively styled and 
fully guaranteed, they have achieved a tremen- 
dous acceptance by the industry. 


Interchangeability with precision. Any D-B unit 
will handle adjacent frequency bands by using 
a different size waveguide block and probe. You 
can make the change in 30 seconds, with no loss 
whatever in alignment accuracy. 


Complete range of sizes—10 models cover from 
5.85 KMC to 140 KMC—or you can purchase 
interchangeable blocks and probes to extend the 
range of any model, at a saving. 


Uniformity of waveguide surfaces. D-B provides 
a high internal surface uniformity by precision 
machining its millimeter waveguides, and using 
carefully selected precision waveguide for 
lower-frequency units. This construction 
insures a uniform path for measured waves, 
thus minimizing residual VSWR. 


Slot excitation is negligible, resulting in mini- 
mum RF leakage—another reason why residual 
VSWR is very low. 


Probe impedance is properly matched to the 
waveguide. Uniform probe penetration is pro- 
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vided by a fast, convenient slope adjustment, 
made in a few minutes. 


/ 


Adequate probe travel (21% dA, ) available at 
all frequencies. Operator can read at least 3 
maxima and 3 minima of VSWR. 


Efficient mechanical translation. D-B mechanism 
functions with exceptional smoothness, giving 
the unit a definite instrument “feel? Five point 
kinematic carriage suspension insures excellent 
linearity of probe motion. 

Vernier readout on knob periphery permits read- 
ing of probe travel to .0lmm without mounting 
of costly accessories. 


Continuously variable drive ratio changes car- 
riage travel from “vernier” to “‘fast”—a time 
saver during rapid measurements. 
Direct phase readout. Phase shift may be meas- 
ured accurately on the calibrated knob, which 
reads percentage of 180° directly. 


For complete data, see your D-B Catalogue, or 
request folder DB-825. 


Interchangeable 
waveguide blocks. 
Each realigns 


perfectly to 
probe travel 
in a few seconds. 
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SECTION 


convenient and positive 


conveniently interchangeable waveguide sections 
no slope adjustment required 

vernier position scale readable to 0.1 mm. 

dial gauge helder and movable stop 
tapered slots to minimize residual VSWR 


INTERCHANGEABLE WAVEGUIDE SECTIONS 

a Like the finest camera with a precisely fitted set 
of lenses, the FXR Universal Carriage and family 
of five Interchangeable Slotted Sections are 
matched to perfection. ‘‘Togetherness”’ with this 
unrivalled modular waveguide system gains new 
meaning . . . more rapid interchange of each 
section without tools or need for alignment, and 
more dependable performance over the entire 
frequency range from 3.95 kmc to 18.00 kmc. 
Another fine FXR ‘‘package’’ with quality and 
reliability built into it—from the first mark on 
the drawing board. 


SERIES 115 PRECISION SLOTTED SECTIONS 


FREQUENCY WAVEGUIDE 


INSERTION [WAVEGUIDE 
RANGE (KMC) J DIMENSIONS LENGTH | TY 


PE 
ues 


ACCESSORY: FXR Model No, B200A Tunable Probe. 
All units when mounted in Z116A Carriage: 
Slope—1.01 max. Irregularity—1.005 max. 


FLANGE | 
TYPE 


Write for Bulletin No. SS115 or contact your local FXR representative. 
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